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Abstract 

Let e > be a positive number. Is there a number S > satisfying the following? Given 
any pair of unitaries u and u in a unital simple C*-algebra A with [v] = in Ki{A) for 
which 

\\uv — vu\\ < S, 

there is a continuous path of unitaries {v{t) : t G [0, 1]} C A such that 

v{0) = V, v{l) = 1 and \\uv{t) - v{t)u\\ < e for all t G [0, 1]. 

An answer is given to this question when A is assumed to be a unital simple C*-algebra 
with tracial rank no more than one. Let C be a unital separable amenable simple C*- 
algebra with tracial rank no more than one which also satisfies the UCT. Suppose that 
</) : C — > A is a unital monomorphism and suppose that v £ A is a unitary with [v] = in 
Ki{A) such that v almost commutes with 0. It is shown that there is a continuous path of 
unitaries {v{t) : t £ [0, 1]} in A with v{0) = v and v{l) ~ 1 such that the entire path v{t) 
almost commutes with (p, provided that an induced Bott map vanishes. Other versions of 
the so-called Basic Homotopy Lemma are also presented. 

1 Introduction 

Fix a positive number e > 0. Can one find a positive number 5 such that, for any pair of 
unitary matrices u and v with ||uf — fuH < 5, there exists a continuous path of unitary matrices 
{v{t) : t G [0,1]} for which v{0) = v, v{l) = 1 and \\uv{t) - v{t)u\\ < e for all t E [0,1]? The 
answer is negative in general. A Bott element associated with the pair of unitary matrices may 
appear. The hidden topological obstruction can be detected in a limit process. This was first 
found by Dan Voiculescu ([43]). On the other hand, it has been proved that there is such a path 
of unitary matrices if an additional condition, botti(u, i;) = 0, is provided (see, for example, [2] 
and also 3.12 of [29j). 

It was recognized by Bratteli, Elliott, Evans and A. Kishimoto ([2]) that the presence of 
such continuous path of unitaries in general simple C*-algebras played an important role in the 
study of classification of simple C*-algebras and perhaps plays important roles in some other 
areas. They proved what they called the Basic Homotopy Lemma: For any e > 0, there exists 
6 > satisfying the following: For any pair of unitaries u and v in A with sp{u) 5-dense in T 
and [v] = in Ki(A) for which 

lluv — fii|| < 5 and botti(M, t>) = 0, 

there exists a continuous path of unitaries {v{t) : t £ [0, 1]} C A such that 

v{0) = V, v{l) = 1a and ||f — < e 

for all t S [0,1], where ^ is a unital purely infinite simple C*-algebra or a unital simple C*- 
algebra with real rank zero and stable rank one. Define (j) : C(T) — > A by 4>{f) = f{u) for all 
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/ £ C(T). Instead of considering a pair of unitaries, one may consider a unital homomorphism 
from C(T) into A and a unitary v £ A for which v almost commutes with (j). 

In the study of asymptotic unitary equivalence of homomorphisms from an AH-algebra to 
a unital simple C*-algebra, as well as the study of homotopy theory in simple C*-algebras, one 
considers the following problem: Suppose that X is a compact metric space and is a unital 
homomorphism from C{X) into a unital simple C*-algebra A. Suppose that there is a unitary 
u £ A with [u] = in Ki{A) and u almost commutes with (j). When can one find a continuous 
path of unitaries {u{t) : t £ [0, 1]} C A with u(0) = u and n(l) = 1 such that u{t) almost 
commutes with (j) for all t £ [0, 1]? 

Let C be a unital AH-algebra and let A be a unital simple C*-algebra. Suppose that 
■0 : C* — > ^ are two unital monomorphisms. Let us consider the question when (p and -0 are 
asymptotically unitarily equivalent, i.e., when there is a continuous path of unitaries {w{t) : t £ 
[0, oo)} C A such that 

lim w{t)* (t)[c)w{t) = il)[c) for all c £ C. 

t— >oo 

When A is assumed to have tracial rank zero, it was proved in [31] that they are asymptotically 
unitarily equivalent if and only if [i;^] = [ip] in KK(C,A), t o (j) = t o ip for all tracial states r 
of A and a rotation map associated with (p and -0 is zero. Apart from some direct applications, 
this result plays crucial roles in the study of the problem to embed crossed products into unital 
simple AF-algebras and in the classification of simple amenable C*-algebras which do not have 
the finite tracial rank (see [H], [32j and [33j). One of the key machinery in the study of the above 
mentioned asymptotic unitary equivalence is the so-called Basic Homotopy Lemma concerning 
a unital monomorphism (p and a unitary u which almost commutes with p. 

In this paper, we study the case that A is no longer assumed to have real rank zero, or 
tracial rank zero. The result of W. Winter in [Hj provides the possible classification of simple 
finite C*-algebras far beyond the cases of finite tracial rank. However, it requires to understand 
much more about asymptotic unitary equivalence in those unital separable simple C*-algebras 
which have been classified. An immediate problem is to give a classification of monomorphisms 
(up to asymptotic unitary equivalence) from a unital separable simple AH-algebra into a unital 
separable simple C*-algebra with tracial rank one. For that goal, it is paramount to study the 
Basic Homotopy Lemmas in a simple separable C*-algebras with tracial rank one. This is the 
main purpose of this paper. 

A number of problems occur when one replaces C*-algebras of tracial rank zero by those of 
tracial rank one. First, one has to deal with contractive completely positive linear maps from 
C{X) into a unital C*-algebra C with the form C([0, 1], M„) which are not homomorphisms but 
almost multiplicative. Such problem is already difficult when C = M„ but it has been proved 
that these above mentioned maps are close to homomorphisms if the associated X-theoretical 
data of these maps are consistent with those of homomorphisms. It is problematic when one 
tries to replace M„ by C([0, 1],M„). In addition to the usual i('-theory and trace information, 
one also has to handle the maps from U{C)/CU{C) to U{A)/CU{A), where CU{C) and CU{A) 
are the closure of the subgroups of U{C) and U{A) generated by commutators, respectively. 
Other problems occur because of lack of projections in C*-algebras which are not of real rank 
zero. 

The main theorem is stated as follows: Let C be a unital separable simple amenable C*- 
algebra with tracial rank one which satisfies the Universal Coefficient Theorem. For any e > 
and any finite subset !F <Z C, there exists 5 > 0, a finite subset Q <Z C and a finite subset 
V C K_{C) satisfying the following: 

Suppose that ^ is a unital simple C*-algebra with tracial rank no more than one, suppose 
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that (p : C ^ A is a unital homomorphism and u £ U{A) such that 

II [0(c), u]\\<S for all c G a and Bott((/>, n)|7, = 0. (el.l) 
Then there exists a continuous path of unitaries {u{t) : t £ [0, 1]} C A such that 

u{0) = u, u{l) = 1 and || [(pic), u{t)] \\ < e for all c£T (e 1.2) 

and for ah t G [0, 1]. 

We also give the following Basic Homotopy Lemma in simple C*-algebra with tracial rank 
one (see 16.31 below) : 

Let e > and let A : (0, 1) — > (0, 1) be a nondecreasing map. We show that there exists 
5 > and r/ > (which does not depend on A) satisfying the following: 

Given any pair of unitaries u and f in a unital simple (7*-algebra A with tracial rank no 
more than one such that [v] = in Ki{A)^ 

II [u, v\\\ < S, botti(u, u) = and ^Toi{Ia) > A(a) 

for all open arcs la with length a > r], there exists a continuous path of unitaries {v{t) : t G 
[0, 1]} C A such that 

v{0) = V, v{l) = 1 and ||[n, v{t)]\\ < e for all t G [0, 1], 

where i : C(T) — > A is the homomorphism defined by i{f) = f{u) for all / G C(T) and firm 
is the Borel probability measure induced by the state t o i. It should be noted that, unlike the 
case that A has real rank zero, the length of {v{t)} can not be controlled. In fact, it could be 
as long as one wishes. 

In a subsequent paper, we use the main homotopy result (Theorem [83]) of this paper and the 
results in [33] to establish a i('-theoretical necessary and sufficient condition for homomorphisms 
from unital simple AH-algebras into a unital separable simple C*-algebra with tracial rank no 
more than one to be asymptotically unitarily equivalent which, in turn, combining with a result of 
W. Winter, provides a classification theorem for a class of unital separable simple amenable C*- 
algebras which properly contains all unital separable simple amenable C*-algebras with tracial 
rank no more than one which satisfy the UCT as well as some projectionless C*-algebras such 
as the Jiang-Su algebra. 

2 Preliminaries and notation 

2.1. Let A be a unital C*-algebra. Denote by T{A) the tracial state space of A and denote by 
Aff(T(A)) the set of affine continuous functions on T(^). 

Let C = C{X) for some compact metric space X and let L : C — > ^ be a unital positive 
linear map. Denote by firoL the Borel probability measure induced by the state r o L, where 
T G T{A). 

2.2. Let a and b be two elements in a C*-algebra A and let e > be a positive number. We 
write a ~e 6 if ||a — 6|| < e. Let Li,L2 : A ^ C he two maps from A to another C*-algebra C 
and let C A be a subset. We write 

Li We L2 on JF, 

if Li{a) L2{a) for all a£ T. 

Suppose that B <Z A. We write a Ge -B if there is an element b G B such that ||a — 6|| < e. 
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Let Q C A he a subset. We say L is e-t/-multiplicative if, for any a,b G Q, 

L{ah) L{a)L{b) 

for all a, b £ Q. 

2.3. Let j4 be a unital C*-algebra. Denote by U{A) the unitary group of A. Denote by U(){A) 
the normal subgroup of U{A) consisting of those unitaries in the path connected component of 
U{A) containing the identity. Let u £ Uq{A). Define 

ceU(u) = inf{length({u(t)}) : u{t) G C{[0,1],Uq{A)),u{0) = u and = 1a}- 

We use cel(n) if the C*-algebra A is not in question. 

2.4. Denote by CU{A) the closure of the subgroup generated by the commutators of U{A). For 
u £ U{A), we will use u for the image of u in U{A)/CU{A). If u,v £ U{A)/CU{A), define 

dist(n, v) = mf{\\x — y\\ : x,y £ U {A) such that x = u,y = v}. 

Uu,v £ U{A), then 

dist(ii, v) = inf{||nz;* - x\\ : x £ CU{A)}. 

2.5. Let A and B be two unital C*-algebras and let (/> : vl ^ be a unital homomorphism. 
It is easy to check that (j) maps CU{A) to CU{B). Denote by (f>^ the homomorphism from 
U{A)/CU{A) into U{B)/CU{B) induced by (j). We also use (jy^ for the homomorphism from 
U{Mu{A))/CU{Mk{A)) into U{Mk{B))/CU{Mk{B)) (k = 1,2,...). 

2.6. Let A and C be two unital C*-algebras and let F C U (C) be a subgroup of U (C). Suppose 
that L : F ^ U{A) is a homomorphism for which L{F D CU{C)) C CU{A). We will use 

: F/CU{C) U{A)/CU{A) for the induced map. 

2.7. Let A and B be in 12.61 let 1 > e > and let Q d A he a, subset. Suppose that L 
is e-^-multiplicative unital completely positive linear map. Suppose that ti, u* £ Q. Define 

(L)(n) =L{u)L{u*u)-^l^. 

Definition 2.8. Let A and B he two unital C*-algebras. Let h : A ^ B he a. homomorphism 

and let v £ U{B) such that 

h{g)v = vh{g) for all g £ A. 

Thus we obtain a homomorphism h : A(i^ C{S^) — > i? by h{f g) = h{f)g{v) for f £ A and 
g £ C{S^). From the following splitting exact sequence: 

0^ SA^ A^C{S^)^ A^O (e2.3) 

and the isomorphisms Ki{A) Ki^i{SA) (i = 0, 1) given by the Bott periodicity, one obtains 
two injective homomorphisms: 

/3(°) : Ko{A) ^ Ki{A0C{S^)) (e2.4) 
/?W : Ki{A) ^ KoiA^CiS'^)). (e2.5) 

Note, in this way, one can write Ki{A ® C{S^)) = Ki{A) ^ P^^-'\Ki^i{A)). We use /3» : 
Ki{A ® C{S^)) p^^-'\Ki^i{A)) for the the projection to the summand p^^-'\Ki^i{A)). 
For each integer k >2, one also obtains the following injective homomorphisms: 

PI!^ : Ki{A,Z/kZ) Ki_i{A(S)C{S^),Z/kZ),i = 0,1. (e2.6) 
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Thus we write 

Ki^i{A(^C{S^),'L/k'L) = Ki^i{A,Z/kZ)^l5f{Ki{A,Z/k'L)), i = 0, 1. (e2.7) 

Denote by /J^*^ : Ki{A®C{S^),'L/k'L) (i^^~'\Ki^i[A,'L/k'L)) similarly to that of /3W., i = 1,2. 
If X G K{A), we use I3{x) for if a; G Ki{A) and for if x G KiiA.'L/kZ). Thus we 

have a map /3 : ^(^) ^ ^(^0(7(5^)) as well as 3 : ^ /3(^(^)). Thus one may 

write K{A ® C{S^)) =_K(^) 13{K{A)). 

On the other hand h induces homomorphisms hn,k '■ Ki{A(^ C{S^)),'L/k'L) — > Ki{B , Z, / kZ,) , 
k = 0,2, and i = 0, 1. We use Bott(/i, v) for all homomorphisms h^,i^k ° Pk^- We write 

Bott{h,v) = 0, 

if ^*i,fc o = for all /c > 1 and i = 0, 1. 

We will use botti(/i, f) for the homomorphism hi^Q o /?(^) : Ki{A) Kq{B), and botto(/i, u) 
for the homomorphism /io,o ° Z?^''^ : -f^o(^) Ki{B). 

Since A is unital, if botto(/i, = 0, then [v] = in Ki{B). 

For a fixed finite subset "P C EXA), there exists 5 > and a finite subset Q C A such that, 
if f G -B is a unitary for which 

\\h{a)v — vh{a)\\ < 6 for all a £ G, 

then Bott(/i, t;)|-p is well defined. In what follows, whenever we write Bott(/i, v)\-p, we mean that 
6 is sufficiently small and G is sufficiently large so it is well defined. 

Now suppose that A is also amenable and Ki{A) is finitely generated {i = 0, 1). For example, 
A = C{X), where X is a finite CW complex. When Ki{A) is finitely generated, Bott{h,v)\-pg 
defines Bott(/i, f) for some sufficiently large finite subset Vq. In what follows such Vq may be 
denoted by Va- Suppose that V C K_{A) is a larger finite subset, and Q Go and < 6 < Sq. 

A fact that we be used in this paper is that, Bott(/i, u)|-p defines the same map Bott(/i, w) as 
Bott(/i, u)|-pg defines, if 

\\h{a)v — vh{a)\\ < 6 for all a £ G, 

when Ki{A) is finitely generated. In what follows, in the case that Ki{A) is finitely generated, 
whenever we write Bott(/i, ?;), we always assume that 5 is smaller than 6o and G is larger than 
Go so that Bott(/i, is well-defined (see 2.10 of |29l for more details). 

2.9. In the case that A = C{S^), there is a concrete way to visualize botti(/i, w). It is perhaps 
helpful to describe it here. The map botti(/i, w) is determined by hotti{h,v){[z]), where z is the 
identity map on the unit circle. 
Denote u = h{z) and define 

./g2.itx fl-2t, if0<t<l/2, 
\-l + 2t, ifl/2<t<l. 



9{e 




f{e^^it)2)l/2 ifo<t<l/2, 

ifl/2<t<l and 



h{e 



2mt\ 



(/(e2-*)_/(e2-*)2)i/2^ 



if < t < 1/2, 
if 1/2 < t < 1, 
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These are non-negative continuous functions defined on the unit circle. Suppose that uv = vu. 
Define 

( -^(^^ g{v) + h{v)u*\ 

Then b(n, v) is a projection. There is (5o > (independent of unitaries n, v and A) such that 
if f]|| < the spectrum of the positive element p(it, i') has a gap at 1/2. The bott element 
of u and v is an element in Kq{A) as defined in [ITJ and [12] which may be represented by 

botti(n,7;) = [x[i/2,oo)Hu,v))\ - [(^J ^^]. (e2.9) 

Note that X[i/2,oo) is a continuous function on sp(b(u, v)). Suppose that sp(b(ii, v)) C (— oo, o]U 
[1 — a, oo) for some < a < 1/2. Then X[i/2.oo) can be replaced by any other positive continuous 
function F for which F{t) = if t < a and F{t) = 1 if t > 1/2. 

Definition 2.10. Let A and C be two unital C*-algebras. Let : C+ \ {0} ^ N and K : 

C+ \ {0} ^ M+ \ {0} be two maps. Define T = x /sT : C+ \ {0} ^ N x M+ \ {0} by 
T(c) = (A^(c), K[c)) for c G Cj^ \ {0}. Let L : C — > A be a unital positive linear map. We say L 
is T-full if for any c G C_|_ \ {0}, there are xi,X2, ...,a;7v(c) S A with < i^(c) such that 

N{C) 

x*L{c)xi = Ia- 

1=1 

Let W C C+ \ {0}. We say that L is T-W-full if 

Nic) 

x*L{c)xi = Ia 

i=l 

for all c £ Ti.. 

Definition 2.11. Denote by T the class of unital C*-algebras with the form ^^2=1 C{Xi, Mn(i)), 
where Xi = [0, 1] or Xi is one point. 

Definition 2.12. Let > be an integer. Denote by the class of all C*-algebras B with the 
form B = PMm{C{X))P, where X is a finite CW complex with dimension no more than k, P 
is a projection in Mm{C{X)). 

Recall that a unital simple C*-algebra A is said to have tracial rank no more than k (write 
TR{A) < k) if the following holds: For any e > 0, any positive element a G \ {0} and any 
finite subset J- C A, there exists a non-zero projection p £ A and a C*-subalgebra B Glj^ with 
1b = p such that 

(1) \\xp — px\\ < € for all X £ T\ 

(2) pxp Ge B for all G .7-" and 

(3) \ — p is von Neumann equivalent to a projection in aAa. 

If TR{A) < k and TR{A) ^ k — 1, we say A has tracial rank k and write TR(A) < k. 
It has been shown that if TR{A) = 1, then, in the above definition, one can replace i? by a 
C*-algebra in I (see [19]). All unital simple AH-algebra with slow dimension growth and real 
rank zero have tracial rank zero (see [8] and also [22]) and all unital simple AH-algebras with 
no dimension growth have tracial rank no more than one (see [13], or, Theorem 2.5 of [28j). 
Note that all AH-algebras satisfy the Universal Coefficient Theorem. There are unital separable 
simple C*-algebra A with TR{A) = (and TR{A) = 1) which are not amenable. 
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3 Unitary groups 

Lemma 3.1. Let H > be a positive number and let N >2 be an integer. Then, for any unital 
C* -algebra A, any projection e £ A and any u G C/o(e^e) with celeAe(^) < 



dist(n + (1 - e), 1) <i7/iV, (eS.lO) 

if there are mutually orthogonal and mutually equivalent projections 61,62, ■■■,e2N G — 
e) such that ei is also equivalent to e. 

Proof. Since celeAe{u) < H, there are unitaries uq,ui, ...,U]\f S e^6 such that 

uq = u, UN = 1 and \\ui — ui-i \\ < H/N, i = 1,2, N. (e 3.11) 

We will use the fact that 

^0 v*)~\fd oy Vo ly Vi o 

In particular, is a commutator. Note that 

\\{u® u\® ui® u*2® ■ ■ -Qu^Qun) - {uQu* QuiQul- ■ • n|^_i ® un)\\ < H/N. (e3.12) 

Since un = 1, u (B u* ® ui (B u\ ■ ■ ■ ® u*^-i © un is a commutator. 
Now we write 



u® ei - ■ ■ ® e2N = {u®u\®ui® ■ ■ ■ ®u%i ® UN){e ® ui® u\® ■ ■ ■ ® un ® u*^). 

4(6 + Yli=i ^i)) such that 

U © 61 • • • © 62Ar - 2;|| < H/N. 



We obtain z E CU{{e + J^'i^i ei)A{e + Y.'i=i ei)) such that 



It follows that 



dist('u + (1 - 6),1) < H/N. 

□ 



Definition 3.2. Let C = PMk{C{X))P, where X is a compact metric space and P G Mk{C{X)) 
is a projection. Let u € U{C). Recall (see [30]) that 

Dc{u) = inf{||a|| : a G Cg.a. such that det(exp(ia) • n)(x) = 1 for all x G X}. 

If no self-adjoint element a G vis. a. exists for which det(exp(ia) • u){x) = 1 for all x G X, define 
Dc{u) = 00. 

Lemma 3.3. Let K > 1 be an integer. Let A be a unital simple C* -algebra with TR{A) < 1, 
let e £ A be a projection and let u G UQ{eAe). Suppose that w = u + {1 — e) and suppose r] > 0. 
Suppose also that 

[1 - 6] < K[e] in Ko{A) and dist(?D,l) < r?. (eS.lS) 

Then, if r] < 2, 

Ktt 

celeAeiu) < (— + l/16)r? + Svr and dist(n, e) < (K + l/8)r], 

and if rj = 2, 

Ktt 

celeyie(^) < —^cel{w) + 1/16 + Svr. 
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Proof. We assume that ()e3.13p holds. Note that ry < 2. Put L = cel{w). 

We first consider the case that rj <2. There is a projection e' G M2{A) such that 

[{I - e) + e'] = K[e]. 

To simpHfy notation, by replacing A by {1a + e')-^2(^)(lyl + e') and w by + e', without loss 
of generality, we may now assume that 

[1 - e] = K[e] and dist(t(), 1) < r/. (e3.14) 

There is i?i > 1 such that max{L/i?i, 2/i?i, ?77r/i?i} < min{r?/64, l/167r}. 

For any ■^2K(k+i)tt > ^ > with e + < 2, since TR{A) < 1, there exists a projection p £ A 
and a C*-subalgebra D £ I with lo = p such that 

(1) < e for a; G {^,^11,6, (1 - e)}, 

(2) p'wp,pup,pep,p{l — e)p D, 

(3) there is a projection q £ D and a unitary 21 G (715(7 such that ||(?— pep|| < e, Ijzi —quq\\ < e, 
Iki © (p — 9) — pwp\\ < e and ||zi (B {p — q) — ci\\ < e + rj; 

(4) there is a projection go £ (1 — — p) and a unitary zq £ ^o^^o such that 
||go-(l-p)e(l-p)|| < e, ||zo-(l-p)u(l-p)|| < e, ||zo© (1 -p- go) - (1 < e, 
||zo © (1 - P - 50) - Coll < e + r], 

(5) b - g] = in Ko{D), [(1 - p) - (70] = K[qo] in i^o(^); 

(6) 2{K + l)Ri[l - p] < [p] mKo{A); 

(7) cel(i„p)A{i-p)(2o © (1 - p - qo)) < L + e, 

where ci G Cf/(£») and cq G (7C/((1 - - p)). 

Note that L'd(ci) = (see[32]). Since e + r] <2, there is h e Ds.a with ||/i|| < 2arcsin(^) 
such that (by (3) above) 

(-zi © (p — (/)) exp(i/i) = ci. (e3.15) 

It follows that 

DD{{zie{p- q))eMih)) = 0- (e3.16) 
By (5) above and applying 3.3 of |40j, one obtains that 

|I)gDg(^i)| <^2arcsin(^^). (e3.17) 

If 2iC arcsin(^) > vr, then 

2K(i±^)^>vr. 
^2^2- 

It follows that 

K{e + r])>2>dist{-z^,q). (e3.18) 
Since those unitaries in D with det(u) = 1 (for all points) are in CU{D) (see, for example, 3.5 

E+r 
2 



of [9]), from ()e 3.17p . one computes that, when 2if arcsin(^^) < vr. 



dist(ir,g) < 2sin(A'arcsin(^^)) < Kie + r]). (e3.19) 
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By combining both (|e 3.18P and (je 3.19p . one obtains that 

dist(zr, g) < K{e + r,)<Ki^+ ^^^^^ (e3.20) 

By (|e3.17p . it fohows from 3.4 of [40j that 

ce\qDq{zi) < 2K arcsin ^ + Qtx < K{e + ri)^ + < {K^ + + 6vr. (e 3.21) 

By (5) and (6) above, 

{K + l)[q] = [p-q] + [q] = [p] > 2{K + - p\. 

Since Kq[A) is weakly unperforated, one has 

2Ri[l-p]<[q]. (e3.22) 
There is a unitary v ^ A such that 

v*{l-p-qQ)v<q. (e3.23) 

Put vi = qo ® {1 — p — qo)v. Then 

vl{zo ® {1 - p - qo))vi = zo®v*{l-p-qo)v. (e3.24) 

Note that 

II (zo ®v*{l-p - qo)v)vlcoVi - qo®v*{l-p- qo)v\\ < e + r]. (e3.25) 
Moreover, by (7) above, 

cel{zoev*{l - p- qo)v) < L + e, (e3.26) 
It follows from (|e 3.22p and Lemma 6.4 of [28] that 

cel{go+gM(?o+g)(^o © < 27r + (L + e)/i?i. (e3.27) 
Therefore, combining (je 3.2ip . 

cel(g3+,)A(go+g)(2o + 2i) < 27r + (L + e)/Ri + + ^^^^^)^ + 6vr. (e3.28) 
By (11321, (1^3:221) andEU in ?7o((go + 9)^(^0 + g))/C?7((go + 9)^(90 + 

dist(iFR,9oTg) < (e3.29) 
Therefore, by (leCTp and (|eCT]) . 

dist(i^^, < -^^^ + i^r/ + 3^^^"^^ < + l/16)r?. (e 3.30) 
We note that 

l|e- iqo + q)\\ < 2e and ||n- (zq + zi)\\ < 2e. (e3.31) 



It follows that 

dist(n,e) < 4e + (i^ + 1/16)?? < {K+l/8)r]. (e3.32) 
Similarly, by (Ie3.28|l . 

celeAe(n) < 4e7r + 2^ + (L + e)/i?i + J + — — ^— )7? + evr (e3.33) 

2 d4(A + Ij 

< (K^ + l/16)r? + Svr. (e 3.34) 



This proves the case that r] < 2 



Now suppose that r] = 2. Define = [cel(u;) + 1]. Note that < 1. There is a projection 



e' G Mij+i (^) such that 

[(l-e) + e'] = (i>C + i?K)[e]. 

It follows from 13. Il that 

cel(u)) 



dist(t(;©e',lyi + e') < 77^. (e3.35) 

XI + 1 

Put Ki = K{R + 1). To simplify notation, without loss of generality, we may now assume 
that 

— celfit?) 

[1 - e] = Ki[e] and dist(tt;, 1) < -^7^. (e3.36) 

-ft + 1 

It follows from the first part of the lemma that 

.Kttt 1 , cel(?i>) 
celeAe(n) < (4~ + I^)iFTl+ ^ ^ 

K7rcel(w) 1 

< W^ + T7: + 8n. (e3.38) 
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□ 



Theorem 3.4. Let A be a unital simple C* -algebra with TR{A) < 1 and let e € A be a non-zero 
projection. Then the map u u -\- {1 — e) induces an isomorphism j from U{eAe)/CU{eAe) 
onto U{A)/CU{A). 

Proof. It was shown in Theorem 6.7 of [28] that j is a surjective homomorphism. So it remains 
to show that it is also injective. To do this, fix a unitary u S eAe so that u £ ker j. We will 
show that u G CU{eAe). 

There is an integer K > 1 such that 

K[e] > [1 - e] in Ko{A). 

Let 1 > e > 0. Put v = u-\- (1 — e). Since u £ kerj, v G CU{A). In particular, 

dist(7;,i) < €/{Kir/2 + l). 

It follows from Lemma 13.31 that 

Ktt 

dist(u,e) < (— + l/16)(e/(i^^/2 + 1)) < e. 

It then follows that 

u e CU{eAe). 

□ 

Corollary 3.5. Let A be a unital simple C* -algebra with TR{A) < 1. Then the map j : a ^ 

m 

diag(a, 1, 1, .., 1) from A to Mn{A) induces an isomorphism from U{A)/CU {A) onto U {Mn{A)) / CU {Mn{A)) 
for any integer n > 1. 
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4 Full spectrum 

One should compare the following with Theorem 3.1 of [42! 



Lemma 4.1. Let X be a path connected finite CW complex, let C = C{X) and let A = 
C{[0,1], Mn) for some integer n > 1. For any unital homomorphism (j) : C ^ A, any finite 
subset J- C C and any e > 0, there exists a unital homomorphism ip : C ^ B such that 

c) - V(c)|| < e for all ce T and (e4.39) 
/fisiit)) 

' W{t), (e4.40) 



i;if)it) = wity 



\ fisnim, 
where W G U{A), Sj E C([0, 1],X), j = 1,2, ...,n, and t e [0,1]. 

Proof. To simplify the notation, without loss of generality, we may assume that is in the unit 
ball of C. Since X is also locally path connected, choose 6i > such that, for any point x £ X, 
B{x,5i) is path connected. Put d = In/n. Let ^2 > (in place of 5) be as required by Lemma 
2.6.11 of [21] for e/2. 

We will also apply Corollary 2.3 of [42]. By Corollary 2.3 of [42], there exists a finite subset Ti. 
of positive functions in C{X) and (^3 > satisfying the following: For any pair of points {xi}f^i 
and {yi}^^i, if and can be paired to within 83 one by one, in increasing 

order, counting multiplicity, for all h £ 7i, then {xj}"^^ and can be paired to within 

83/2, one by one. 

Put ei = min{e/16, (5i/16, 52/4, 53/4}. There exists t] > such that 

\f{t)-f{t')\ < ei/2 for all / G 0(.^UW) (e4.41) 
provided that |t — t'j < rj. Choose a partition of the interval: 

= to < *i < • • • < ^Af = 1 
such that \ti — ti-i\ < rj, i = 1,2, N. Then 

mf)iti) - Hf){ti-i)\\ < for ah feJ^un, (e4.42) 
i = 1, 2, A''. There are unitaries Ui G M„ and {xjj}"^;^, i = 0,1, 2, A'', such that 

4>{f){t,) = U:\ -.. \Ui. (e4.43) 

\ f{Xi,n)/ 

By the Weyl spectral variation inequality (see [l]), the eigenvalues of {h{xij)}^^i 
{/i(xj_ij)}"^^ can be paired to within ^3, one by one, counting multiplicity, in decreasing order. 
It follows from Corollary 2.3 of |42] that {xij}'^^^ and can be paired within 63/2. 

We may assume that, 

dist(xi,^^Q),Xi_ij) < S3/2, (e4.44) 

where fjj : {1,2, ...,n} — > {1,2, ...,n} is a permutation. By the choice of ^3, there is continuous 
path {xi^ij{t) : t G [tj_i, {ti + ti„i)/2]} C i?(xj_i, ^3/2) such that 

Xi-ij{ti-i) = Xi-ij and Xi_ij((ti_i +ti)/2) = Xi^^^(j), (e4.45) 
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j = 1,2,..., n. Put 

for t £ [ti-i, (ti-i + ti)/2] and for / G C{X). In particular, 



Ui-i (e4.46) 



Ui.i (e4.47) 



for f eC{X). Note that 

<<52/4 and ||V(/)(t)-</.(/)(t.)ll <<52/4 + ei/2<<52/2 (e4.48) 
for all / G ^ and t G [ti-i, ^^^^y^]. There exists a unitary Wi G M„ such that 

Wmf)C-^^^)W^ = Hfm (e4.49) 
for ah / G C{X). It follows from (Ie4.48p and (je 4.491) that 

<'52 (e4.50) 



for all f ^ T. By the choice of b2 and by applying Lemma 2.6.11 of [21], we obtain hi G M„ 
such that Wi = exp(V— l/ij) and 

<e/4 and (e4.51) 

||exp(^/^t/i,)V'(/)(^^^) - V(/)(^^^)exp(V^t/i,)|| < 6/4 (e4.52) 

for all / G J'-" and t G [0,1]. From this we obtain a continuous path of unitaries {Wi{t) : t G 
[ ^"'l'^^" ,ti]} C M„ such that 

Wi{ ^'~'^*' ) = 1, = and (e4.53) 

l|W^^(i)V'(/)(^^^^)-V'(/)(^^^^)M^.(t)ll <6/4 (e4.54) 

for ah / G and t G [^-^^^,ti]. Define = W*it)'iljC-^^^)Wi{t) for t G 

1 = 1,2, N. Note that : C{X) A. We conclude that 

<e for ah .F. (e4.55) 

Define 

U{t) = Uo for t G [0, |), C/(t) = UoWi{t) for t G [|,t2), (e4.56) 

C/(t) = C/(t,) for t G [t„ ^^^^), U{t) = U{tm+i{t) for t S [^i^iti, (e4.57) 
i = 1, 2, — 1 and define 

s,{t) = xo,j{t) for t G [0, |), = s,(|) for t G [|,t2), (e4.58) 
= Ha,{j)it) for * e [ti, ^^'^^ ), Sjit) = Sj C' "^^'^^ ) for t G p-^p^,ti+i], (e4.59) 
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i = 1,2, ...,iV - 1. Thus Uit) G A and, by (|eTO]l . Sj{t) G C([0,1],X). 
One then checks that tjj has the form: 



m = uity 



\ 



Uit) 



(e4.60) 



for / G C{X). In fact, for t G [0,ti], it is clear that (Ie4.6()p holds. Suppose that (Ie4.ffl)l) holds 
for t G [0,ii]. Then, by (leCTj) . for / G C{X), 



Therefore, for t e [h, ^-^^^], 



U{U) = u* 



\ 



U,. (e4.61) 



U* 



u{ty 



//(^.,<x,(l)W) 



V 



Uiti) 



(f{si(t)) 



U{t). 



(e4.62) 



(e4.63) 



(e4.64) 



For t G 



(f{si{t)) 



= Uity 

This verifies (Ie4.60p . 



v 



U{t). 



f{Sn{t))J 



(e4.65) 

U{ti)W,+i{t) (e4.66) 
(e4.67) 

□ 



Lemma 4.2. Let X be a finite CW complex and let A ^ T. Suppose that (p : C{X) C(T) — > A 
is a unital homomorphism. Then, for any e > and any finite subset T C C(X), there exists a 
continuous path of unitaries {u{t) : t £ [0, 1]} in A such that 



u{0) = (P{l0z), u(l) = 1 and \\[(p{f^l), u{t)]\\ < e 
for f and t G [0, 1]. 



(e4.68) 
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Proof. It is clear that the general case can be reduced to the case that A = C([0, l],Mn)- Let 
qi,q2, ■■■,qm be projections of C{X) corresponding to each path connected component of X. 
Since (j){qi)A(j){qi) = C([0, 1],M„.) for some 1 < rij < n, i = 1, 2, we may reduce the general 
case to the case that X is path connected and A = C([0, 1],M„). 
Note that we use z for the identity function on the unit circle. 

For any e > and any finite subset C C(X), by applying 14.11 one obtains a unital 
homomorphism ip : C{X) ® C(T) — > A such that 

110(5) - ^{9)\\ < e for ah 5 G {/ (g) 1 : / G J^} U {1 z} and (e4.69) 
V^(/)(t) = C/(tr I •.. \u{t), (e4.70) 

for all / G C{X x T), where U{t) G C/(C([0, 1],M„)), : [0, 1] ^ X x T is a continuous map, 
j = 1, 2, n, and for all t G [0, 1]. There are continuous paths of unitaries {uj{r) : r G [0, 1]} C 
C([0, 1]) such that 



Define 



Uj{Q){t) = {l®z){sj{t)), n,(l) = l, j = l,2,...,n. (e4.71) 
S(r)(i) \ 



u{r){t) = U(tr 



U(t). (e4.72) 



Then 

It follows that 



u{r)ip{f (g) 1) = ^(/ (g) l)u(r) for all r G [0, 1]. 
II [(/)(/ 1), u(r)]|| < e for ah r G [0, 1] and for all / G J^. 



□ 



Definition 4.3. Let X be a compact metric space. We say that X satisfies property (H) if the 
following holds: 

For any e > 0, any finite subsets C C{X) and any non-decreasing map A : (0, 1) (0, 1), 
there exists r/ > ( which depends on e and JF but not A), (5 > 0, a finite subset Q C C{X) and 
a finite subset V C K.iC{X)) satisfying the following: 

Suppose that (p : C{X) C{[0, l],Mn) is a unital 5-t/-multiplicative contractive completely 
positive linear map for which 

^lTo4>{Oa) > ^{a) (e4.73) 
for any open ball Oa with radius a > r] and for all tracial states r of C([0, 1], M„), and 

mv = m\v, (e4.74) 

where $ is a point-evaluation. 

Then there exists a unital homomorphism h : C{X) C{[0, 1],M„) such that 

mf) - Km < e (e4.75) 
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for all f ^T. 

It is a restricted version of some relatively weakly semi-projectivity property. It has been 
shown in [M] that any /c-dimensional torus has the property (H). So do those finite CW compleces 
X with torsion free K^iCiXy) and torsion any finite CW compleces with form y x T 

where Y is contractive and all one-dimensional finite CW compleces. 

Theorem 4.4. Let X he a finite CW complex for which X x T has the property (H). Let 
C = C{X) and let A : (0, 1) — > (0, 1) he a non- decreasing map. For any e > and any finite 
subset T d there exists 5 > 0, rj > and there exists a finite subset Q <Z C satisfying the 
following: 

Suppose that A is a unital simple C* -algebra with TR[A) < !,(/>: C A is a unital 
homomorphism and u €z A is a unitary and suppose that 

\\[(p{c), u]\\<6 for all cGG and Bott((/>, u) = {0}. (e4.76) 

Suppose also that there exists a unital contractive completely positive linear map L : C(8'C(T) — > 
A such that (with z the identity function on the unit circle) 

\\L{c (g) 1) - (t){c)\\ < 6, \\L{c (gi z) - (t){c)u\\ < 6 for all c e g (e4.77) 
and firoL{Oa) > A(a) for all r G r(^) and (e4.78) 

for all open halls Oa of X xT with radius I > a > rj, where UtoL is the Borel probability measure 
defined by L. Then there exists a continuous path of unitaries {u{t) : t G [0, 1]} in A such that 

u(0) = n, u(l) = 1 and ||[(^(c), u{t)]\\ < e (e4.79) 

for all c £ J- and for all t £ [0, 1]. 

Proof. Let Ai(a) = A(a)/2. Denote by z G C(T) the identity map on the unit circle. Let 
B = C ® C(T) = C{X X T). Put y = X X T. Without loss of generality, we may assume that 
:r is in the unit bah of C. Let J^i = {c ® 1 : c G J^} U {1 (g) z]. 

Let ?]i > (in place of r/), (5i > (in place of 5), Qi C C{Y) (in place of Q) be a finite 
subset, Vi C KfCiY)) (in place of V) and Ui C U{C{Y)) be as required by Theorem 10.8 of 
[31] corresponding to e/16 (in place of e), J^i and Ai (in place of A) above. 

Without loss of generality, we may assume that 

^1 = {Ci ® 1, •••,C/ri ® 1, pi®z®{l-pi®l),...,pK2®z®{l-pK2®'^)}, (e4.80) 

where Cfc G U{C), k = l,2,...,Ki and pj G C is a projection, j = 1,2, K2. Denote Zi = 
Pi® z® {1 - pi^l), i = 1,2, ..,K2. We may also assume that Ui C U{Mk{C{Y))). 

For any contractive completely positive linear map L' from CiY), we will also use L' for 
L' ® idA/fe. 

Fix a finite subset Q2 C CiY) which contains Qi. Choose a small 5'i > 0. We choose G2 so 
large and 6[ so small that, for any (5^-^2-™ultiplicative map L' form C{Y) to a unital C*-algebra 
B' , there are unitaries w'i,W2,...,w'j^_^ and u'i,U2, ...,u'j^^ in Mk{B') such that 

\\L\Ci) - w'iW < Si/16 and \\L'{zj) - Uj\\ < 61/I6, (e4.81) 

i = l,2,...,Ki and j = l,2,...,i^2. 

Let r]2 > (in place of rj), 82 > (in place of 5), Q3 C C{Y) (in place of G) be required by 
10.7 of [34J for min{(5i/16, 5i/16, Ai(r?i)/16, e/16} (in place ofe),giUJ"i and Ai (in place of A) 
above. We may assume that ^3 D ^2 U ^1 U Ti and G3 is in the unit ball of C{Y). Moreover, we 
may further assume that G3 = {c ® 1 : c £ T2\ ^ {^z ® 1,1 ® z ,1 ® 1] for some finite subset T2- 
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Suppose that Q G A is a finite subset which contains at least J^2- We may assume that 62 < Si. 
Let<5 = min{^,|,^}. 

Let ^ be a unital simple C*-algebra with TR{A) < 1, let (j) : C{X) A and u G Uq{A) be 
such that 

\\[(pic), u]\\<6 for all cGG and Bott((/>, u) = {0}. (e4.82) 

We may assume that ()e 4.77P holds for rj = 771/2. We also assume that there is a (^-^3-multiplicative 
contractive completely positive linear map L : C(Y) A such that 

1) -(/)(/) II <(^, \\L{1 ^ z) - u\\ < S and (e4.83) 
fJ-ToLiOa) > 2Ai(a) for all a > r/, (e4.84) 

for all r G T(^) and for all f ^ T^- We will continue to use L for L ® idAfj.- 

By ()e4.8ip . one may also assume that there are unitaries w\^W2^ ■■■^wk^ and unitaries 
ui,U2, ■■■,uk2 such that 

||L(Ci 1) - Wi\\ < 5i/16 and \\L{zj) - Uj\\ < 5i/16, (e4.85) 

i = l,2,...,Ki andj = l,2 ..,K2. 

We note that, by (le4.76D . [ui] = in Ki{A). Put 

if = max{cel(nj) : 1 < i < K2}- 

Let > 1 be an integer such that 

maxjl, vr, if + + (^1 ,1 . . x,, / . x 
^ ^ < S/A and - < Ai(r/)/4. (e4.86) 

For each i, there are self-adjoint elements Oj^i, 04^2, flj,L(i) £ A such that 

L(i) 

= JJexp(\/^aij) and ^ ||aij || < if + 5/64, (e4.87) 
j=i i=i 

i = l,2,...,K2. 

Put A = max{L(i) : 1 < i < K2}. Let eo > such that if ||p'a — ap'|| < eq for any self-adjoint 
element a and projection p' , ||p'exp(m) — exp(ia)p'|| < (5i/16A. 

By applying Corollary 10.7 of [34], we obtain mutually orthogonal projections Pq, Pi, P2 G A 
with Po + Pi + P2 = 1 and a C*-subalgebra D = 0j'=i C(Xj, M^(j)), where Xj = [0,1] or 
Xj is a point, with Id = Pi, a finite dimensional C*-subalgebra Dq C A with l^);, = a 
unital contractive completely positive linear map Lq : C(X) Dq and there exists a unital 
homomorphism $ : C{Y) — > i) such that 

||L(<7) - {PoL{g)Po + Lo{g) + < min{^, ^, ±} for all 5 e ^2 (e4.88) 

and (2iV+l)T(Po + ^'2) < r(Pi) for all r G T(A). (e4.89) 

Moreover, 

II [x, Po]|| < min{eo,<5i/16,(5'i/16, Ai(r/i)/4,e/16} (e4.90) 
for all x G {: a^jl <j< L{i), l<i< K2} U {i.(^2)}- 
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There exists a unitary u'j £ Mk{PoAPo) and Uj £ Mfc(Do) such that 

\\uj-PoL{zj)P^\\ < 61/I6 and \\u - - Lo{zj)\\ < 5i/16 (e4.91) 
k 

where Pq = diag(Po, -Po, ^'o)- It fohows from (|e4.90D and (|e4.87|) that [u'j] = in Ki{A) and 

cel{u'j)<H + 61/16 + 6/64, j = l,2,...,K2 (e4.92) 

(in Mk{PoAPo)). Note also, since u'- £ Mfe(L»o), 

cel(uj) < TT, j = 1,2, K2. 

By applying 14.21 there exists a continuous path of unitaries {v{t) : t £ [0, 1]} C D such that 

v{0) = $(1 z), v{l) = Pi and ||[$(/ ® 1), < e/4 (e4.93) 

for all t £ [0, 1]. Define a contractive completely positive linear map Li : C{Y) = C{X)<SiC{T) 
A by 

Li(/0 1) = PoLif (g)l)Po + Loif <S)1) + <!>{/ <E)1) and (e4.94) 
= g{l)-Po+g{l)-P2 + <l>{l^g{z)). (e4.95) 

for all / £ C{X) and g £ C(T). We compute (by choosing large G2) that 

fJ-ToLiiOa) > Ai(a) for all a > rj and (e4.96) 
|roLi(5) -ToL(c/)| < ^forall^egi (e4.97) 

and (by the fact that Bott{(p, u) = {0}) 

[L]\v, = [Li]\r,. (e4.98) 

We also have (by (je4.8.3p and (le4.88D ) 

dist{L\Ci^^),Ll{Ci^l)) <6i/16, i = l,2,...,Ki. (e4.99) 

Moreover, for j = 1, 2, K2, 



distiL^Zj), Llizj)) < 61/I6 + dist((^. + u'^ + ^{zj))*{Po + P2 + Mzj)), 1) (e 4.100) 

= (5i/16 + dist(n;. +nj+7\)*,l) (e 4.101) 

, , max{7r,i? + (5i/16 + (5}/64 

< 5i/16 + — (e4.102) 

< 61/I6 + 6/2 <6i, (e 4.103) 

where the third inequality follows from (je 4.92p and 13.11 

From (je4.96l] . (je 4.971) . (Ie4.98l] . and (je4.102|] . by applying Theorem 10.8 of [34], one obtains 
a unitary W £ A such that 

||adVFoLi(g) - L{g)\\ < e/16 for all g £ {c0 1 : c £ <S) 1} U {l0z}. (e 4.104) 

Define 

u'{t) = W*{Po e v{t))W t £ [0, 1]. (e4.105) 
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Then n'(0) = W*{Pq © $(1 © z))W and 'u'(l) = 1. It follows from (|e4.93|) and (le4.1U4l) that 

II [(^(c), u{t)]\\ < e/2 for all c G (e4.106) 

and for t G [0, 1]. Note that 

||u'(0) - n|| < e/8. (e4.107) 

One then obtains a continuous path {u{t) : t G [0, 1]} C A by connecting n'(0) with n by a path 
with length no more than e/2. The theorem follows. 

□ 

Corollary 4.5. Let C = C{X,Mn) where X = [0,1] or X = T and A : (0,1) (0,1) be a 
non- decreasing map. For any e > and any finite subset C C, there exist 5 > 0, ry > and 
there exists a finite subset Q <Z C satisfying the following: 

Suppose that A is a unital simple C* -algebra with TR{A) < 1, (f) : C ^ A is a unital 
monomorphism and u £ A is a unitary and suppose that 



(c), u]\\<6 for all ceG, (e4.108) 
hotto{(p,u) = {0} and hotti{(p,u) = {0}. (e4.109) 

Suppose also that there exists a unital contractive completely positive linear map L : C0C(T) — > 
A such that (with z the identity function on the unit circle) 

||L(c(g) 1) - (/)(c)|| < 5, \\L{c fgi z) - (j){c)u\\ < 5 for all c e G and fJ,roLiOa) > A(a) (e 4.110) 

for all open balls Oa of [0, 1] x T with radius 1 > a > r], where UroL is the Borel probability 
measure defined by restricting L on the center of C ®C (T) . Then there exists a continuous path 
of unitaries {u{t) : t £ [0, 1]} such that 

n(0) = n, n(l) = 1 and {{[(pic), u{t)]\\ < e (e 4.111) 

for all c £ J- and for all t G [0, 1]. 

Corollary 4.6. Let C = C([0, 1], M„) and let T = N x K : {C ® C(T))+ \ {0} ^ N x M+ \ {0} 
be a map. For any e > and any finite subset T d C, there exists b > 0, a finite subset 
H d {C ® C(T))_(_ \ {0} and there exists a finite subset Q <Z C satisfying the following: 

Suppose that A is a unital simple C* -algebra with TR{A) < 1, (f) : C ^ A is a unital 
monomorphism and u G A is a unitary and suppose that 



(c), u]\\ < 6 for all ceG and (e 4.112) 

hotto{(j),u) = {0}. (e 4.113) 

Suppose also that there exists a unital contractive completely positive linear map L : CfSiC{T) — > 
A which is T-TC-full such that (with z the identity function on the unit circle) 

||L(c(gi 1) - (/)(c)|| < 6 and \\L{c z) - 0(c)n|| < 6 for all ceG. (e4.114) 

Then there exists a continuous path of unitaries {u{t) : t G [0, 1]} in A such that 

m(0) = u, u{l) = 1 and ||[(/.(c), u{t)]\\ < e (e4.115) 

for all c £ and for all t G [0, 1]. 
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Proof. Fix T = iV X K : N X M+ \ {0}. Let A : (0,1) (0,1) be the non-decreasing map 
associated with T as in Proposition 11.2 of [34] • Let Q C C, 6 > and r/ > be as required by 
14.51 for e and given and the above A. 

It fohows from 11.2 of [34] that there exists a finite subset 7i C (C (8) C(T))+ \ {0} such that 
for any unital contractive completely positive linear map L : C ® C(T) — > A which is T-'H-full, 
one has that 

/^roL(Oa) > A(a) (e4.116) 

for all open balls Oa X xT with radius a > rj. 
The corollary then follows immediately from 14.51 

□ 

The following is an easy but known fact. 

Lemma 4.7. Let C = Mn- Then, for any e > and any finite subset there exists 5 > 
and a finite subset Q <Z C satisfying the following: For any unital C* -algebra A with Ki{A) = 
U{A) /Uq{A) and any unital homomorphism (p : C ^ A and any unitary u £ A if 

II [0(c), u]\\<6 and hotto{(j),u) = {0}, (e 4.117) 

then there exists a continuous path of unitaries {u{t) : t £ [0,1]} C A such that 

n(0) = u, u{l) = 1 and ||[(/.(c), u{t)]\\ < e (e 4.118) 

for all c £ J- and t E [0, 1]. 

Proof. First consider the case that (j){c) commutes with u for all c G M„. Then one has a 
unital homomorphism <I> : M„ ® C(T) — > A defined by <I>(c <^ g) = (f){c)g{u) for all c € C and 
g G C(T). Let {ejj} be a matrix unit for M„. Let Uj = ejj z, j = 1,2, ...,n. The assumption 
botto((/>, u) = {0} implies that <I>*i = {0}. It follows that uj G Uo{A), j = 1,2,..., n. One then 
obtains a continuous path of unitaries {u{t) : t G [0, 1]} C ^ such that 

-u(O) = u, n(l) = 1 and || [(/>(c), 'u(t)] || = 

for all c G C(T) and t G [0,1]. 

The general case follows from the fact that C (X" C(T) is weakly semi-projective. 

□ 

Remark 4.8. Let X be a compact metric space and let A be a unital simple C*-algebra. 
Suppose that (p : C{X) — > ^ is a unital injective completely positive linear map. Then it is easy 
to check (see 7.2 of [29], for example ) that there exists a non-decreasing map A : (0, 1) — > (0, 1) 
such that 

{Oa) > A(a) 

for all a G (0, 1) and for all r G T{A). 

5 Changing spectrum 

Lemma 5.1. Let n > 64 be an integer. Let e > and 1/2 > ei > 0. There exists ^ > ^ > ^ 
and a finite subset Q c D = Mn satisfying the following: 
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Suppose that A is a unital C* -algebra with T(A) il), D C A is a C* -subalgebra with 
1_D = Ia, suppose that T (Z A is a finite subset and suppose that u E U (A) such that 

\\[f, x]\\ < 6 for all f £ T and x and (e 5.119) 

\\[u,x]\\ < S for all X eg. (e 5.120) 

Then, there exists a unitary v E D and a continuous path of unitaries {w{t) : t E [0,1]} G D 
such that 

II [u, w{t)] \\<nS< e, II [/, w{t)] \\ < nS < e/2 (e 5.121) 

for all f eJ" and for all t G [0, 1], (e 5.122) 

w{0) = 1, w{l) = V and Urozila) > ^ (e 5.123) 

for all open arcs la of T with length a > An/n and for all t G T{A), where i : C(T) A is 
defined by i{f) = f{vu) for all f G C(T). 
Moreover, 

length({7i;(t)}) < TT. (e 5.124) 

//, in addition, tt > fei > 62 > • • • > 6rn > and 1 = do > di > d2 > • ■ • > dm > are given 
so that 

f^Tozoihi) > di for all r G T{A), i = l,2,...,m, (e 5.125) 

where zq : C(T) A is defined by io{f) = f{u) for all f G C(T), then one also has that 

fiMlci) > (1 - ei)di for all r G T{A), (e 5.126) 



where Ii^ and are any open arcs with length bi and Ci, respectively, and where Cj = 6j + ei, 
i = 1, 2, m. 

Proof. Let 

< 6q < min{ f^^!^ : 1 < i < m}. 
16n"^ 

Let {cij} be a matrix unit for D and let Q = {cjj}. Define 

n 

v = Y.e'^'^^/^ej,j. (e 5.127) 

i=i 

Let /i G C(T) with /i(t) = 1 for |t - e^^'^A'l < vr/n and fi{t) = if |t - e^^^nj > 27r/n 
and 1 > fi{t) > 0. Define fj+iH) = /i (e^^^'^/'^t) , j = 1,2, ...,n - 1. Note that 

/i(e^^^''/"t) = fi+j{t) for all t G T (e 5.128) 

where i,j G Z/nZ. 

Fix a finite subset J^o C C{T)+ which contains fi, i = 1,2, n. 
Choose S so small that the following hold: 

(1) there exists a unitary Ui G ei^iAei^i such that ||e^^'^*'^/"'ei,jtfei,i — Ui\\ < (5o/16?7.^, i = 
l,2,...,n; 

(2) We^Jiu) - fiu)eij < Jg/lGn^ for all / G J^o, 
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(3) \\ei4ivu) - ei,i/(e2v^^-/«^x)|| < S^lGn^ for all / G and 

(4) \\e*jf{u)eij - ejjf{u)ejj\\ < 5'^/16n^ for all / G J^o- 

Fix k. For each r G T(^), by (2), (3) and (4) above, there is at least one i such that 

TiejjMu)) > \lrp- - 5g/16n2. (e 5.129) 
Choose j so that k + j = i mod (n). Then, 

T{fk{vu)) > T{ejjfk{vu)) (e 5.130) 

> r(e,,A(e^v^^Vn^))) - ^ (e 5.131) 



It follows that 



^ 1 9A2 

^,o^(i?(e'^'="/",vr/n)) > ^ - -^^ for all r G T(A) (e 5.133) 



and for /c = 1, 2, n. 

It is then easy to compute that 



/Uro»(/a) > 2/3n2 for all r G T(^) (e 5.134) 



and for any open arc with length a > 2(27r/n) = An/n. 
Note that if ||[x, eii]|| < 6, then 

n n 

\\[x,^^\iei^i]\\ < n5 < e/2 and || [n, ^ Aiei,j|| < n(5 < e/2 

i=l i=l 

for any Aj G T. Thus, one obtains a continuous path {w{t) : t G [0, 1]} C D with length({w(t)}) < 
vr and with w{Q) = 1 and w{l) = v so that (je 5.12ip holds. 

Let {xi, X2, a^ii-} be an ei/64-dense set of T. Let /jj be an open arc with center Xj and 
length 6j, j = 1,2,...,K and i = 1,2, ...,m. For each j and there is a positive function 

G C(T)+ with < ^j.j < 1 and gj^i{t) = 1 if \t — Xj\ < di and gj,i{t) = if |t — Xj| > (ij + ei/64, 
j = 1,2, i = 1,2,..., m. Put 5jj-fc(t) = 5i,i(e^^''''/"-t) for alU G T,k = 1,2,..., n. Suppose 

that J^o contains all gj^i and gj^i^k- We have, by (2), (3) and (4) above, 

T{gj^i{u)ei^i), T{gj^i^k{u)ei^i) > ^ - 5^/16n^ for all r G T(^), (e 5.135) 

/ = 1, 2, n, j = 1, 2, K and i = 1, 2, m. Thus 

T(efc,A:»,iM) > T(efc,fc5i,i(e'^''"/"n) - (e5.136) 

> ^ _ for ah T G T(A), (e 5.137) 

n 8n 

A; = 1, 2, n, j = 1, 2, K and i = 1, 2, m. Therefore 

T(c/j,i(H) > - ^ > (1 - ei)di for all r G T(A), (e 5.138) 
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j = 1, 2, K and i = 1,2, ...,m. 
It follows that 

f^Tot{Ii,j) > (1 - ei)di for all r G T(A), (e 5.139) 

j = 1,2,.. .,K and i = l,2,...,m. Since {xi, X2, x^-} is ei/64-dense in T, it follows that 

Mro»(/cJ > (1 - ei)c?i for all r G T(A), i = 1,2, ...,m. (e 5.140) 

□ 

Remark 5.2. If the assumption that ||[/, x]\\ < 6 for all / G .F and for all x G ^ is replaced by 
for all X G D with ||x|| < 1, then the conclusion can also be strengthened to ||[/, tt'(t)]|| < 6 for 
all / G :r and t G [0, 1]. 

The proof of the following is similar to that of I5.1[ 

Lemma 5.3. Let n > 64 be an integer. Let e > and 1/2 > ei > 0. There exists ^ > > 
and a finite subset Q c D = Mn satisfying the following: 

Suppose that X is a compact metric space, J- C C{X) is a finite subset and 1 > 6 > 0. Then 
there exists a finite subset T\ C C(X) satisfying the following: 

Suppose that A is a unital C* -algebra with T(A) ^ f/>, D C A is a C* -subalgebra with 
Id = 1a, 4> '■ C{X) A is a unital homomorphism and suppose that u G U{A) such that 

\\[x, u]\\<5 and \\[x, (/.(/)] || < 5 for all x e G and f G J^i. (e 5.141) 

Suppose also that, for some a > 0, 

t(0(/)) > a for all r G r(^) and (e 5.142) 

for all f G C{X) with < / < 1 whose support contains an open hall of X with radius h. Then, 
there exists a unitary v £ D and a continuous path of unitaries {v{t) : t G [0, 1]} C D such that 

\\[u, v{t)]\\ < n6 < e, \Mf), v{t)]\\ < n6 < e (e5.143) 
for all f eJ" and t G [0, 1], (e 5.144) 

v{0) = 1, v{l) = V and (e 5.145) 

2a 
3^ 



T{ct>{f)g{vu)) > — for all r G T{A) (e 5.146) 



for any pair of f £ C{X) with < / < 1 whose support contains an open ball with radius 2b 
and g G C(T) with < g < 1 whose support contains an open arc ofT with length at least Svr/n. 
Moreover, 

length({w(t)}) < vr. (e 5.147) 

//, in addition, 1 > bi > b2 > ■ ■ ■ > bi^. > 0, 1 > di > d2 > ■ ■ ■ > > are given and 

T{(p{f')g'{u)) > di for all r G T{A) (e 5.148) 

for any functions f G C{X) with < /' < 1 whose support contains an open ball of X with 

radius bi/2 and g' G C(T) with < g' < 1 whose support contains an arc with length bi, then 
one also has that 

T{4){f")g" {vu)) > (1 - ei)di for all r G T{A), (e 5.149) 

where f" G C{X) with < f" < 1 whose support contains an open ball of radius Ci and g" G C(T) 
with < g" < 1 whose support contains an arc with length 2cj with Ci = bi + ei, i = 1,2, k. 
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Proof. Let < 60 = mm{j^ : i = 1,2, k}. 

Let {ejj} be a matrix unit for D and let G = {eij}. Define 

n 

v = J2 e^^^"^"ejj- (e 5.150) 
i=i 

Let Qj G C(T) with gj{t) = 1 for It-e^v^jV"] < vr/n and gj{t) = if It-e^v^jV"] > 27r/n 
and 1 > > 0, j = 1, 2, n. As in the proof [5TH we may also assume that 

5,(e2^^''/"t) = gi+j{t) for all t G T (e 5.151) 

where i,j G TLjnL. 

Let {xi, X2, be a 6/2-dense subset of X. Define /j G C(X) with /j(x) = 1 for x G 

6) and /i(x) = if x -B(xi, 26) and < < 1, i = 1, 2, m. 
Note that 

'r(</'(/i)) > for ah r G T(^), i = l,2,...,m. (e5.152) 

Fix a finite subset C C(T) which at least contains {51,52) ■■■,9n\ and JT^ c C(X) which 
at least contains T and {/i, /2, /m}- 

Choose 5 so small that the following hold: 

(1) there exists a unitary Uj G ei^iAsi^i such that ||e^^'^~^*'^''"ei^juei^j — < (^Q/16n^, i = 
l,2,...,n; 

(2) ||ejj5r('u) - g{u)eij\\ < 6'^/l6n^, \\eij(j){f) - (/)(/)ejj|| < (^g/16n^, for / G J^i and 5 G JFq, 
j, /c = 1, 2, n and s = 1, 2, m; 

(3) ||ei,i5(wu) - ei,i5(e2v^^'^/"u)|| < ^g/ien"^ for all g G JFq and 

(4) l|e*j5Mei,i -ejj5(u)ejj|| < (5g/16n^, ||e* ,,(A(/)eij - ejj(/)(/)ejj|| < (^g/16n^ for all / G J^i 
and 5 G Tq, j, k = 1,2, n and s = 1, 2, m. 

It follows from (4) that, for any ko G {1,2, ...,m}, 

T{4>{fko)ej,j) > cr/n - n5l/lQri^. (e 5.153) 

Fix /cq and k. For each r G T(A), there is at least one i such that 

T{'PUk,)ej,jgi{u)) > a It? - bll\^n\ (e 5.154) 

Choose j so that k + j = i mod (n). Then, 

rmko)9k{vu)) > r(</<(/fc„)e,-,5fe(e'^^'"/"n)))-^ (e5.155) 

= 'r{4>{fko)ejjgi{u)) - (e5.156) 

> ^ - for all r G TM). (e 5.157) 
Ion* 

It is then easy to compute that 

riHDaivu)) > ^ for all r G T(A) (e 5.158) 
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and for any pair of / G C{X) with < / < 1 whose support contains an open ball with radius 
2b and g E C(T) with < g < I whose support contains an open arc of length at least Sn/n. 
Note that if || [</)(/), ei^i]\\ < 6, then 

n 

!![</)(/), ^ <n5<e 
1=1 

for any Aj G T and f ^ T\. We then also require that b < e/2n. Thus, one obtains a continuous 
path {v{t) : t e [0, 1]} C D with length({i;(t)}) < vr and with v{0) = 1 and = v so that the 
second part of (|e 5.143P holds. 

Now we consider the last part of the lemma. Note also that, if / G .Fi and g £ J^q with 
</,<?< 1, 

T{^{f)g{vu)) > Y,r{Hf)ej,,g{vu)) - (e5.159) 



> ^T{<P{f)e,,,g(^\vu)) - for all r G T(^), (e5.160) 



where g^^\t) = gie^'J 1"^ ■ t) for t G T. If the support of / contains an open ball with radius 
bi/2 and that of g contains open arcs with length at least hi, so does that of g^^\ So, if J-q and 
J^i are sufficiently large, by the assumptions of the last part of the lemma, as in the proof of 
15. H we have 

r(0(/)<7M) >di-r^ for all r G T(^) (e 5.161) 

for all r G T(j4). As in the proof of 15.11 this lemma follows when we choose J-q and J-'i large 
enough to begin with. 

□ 

Lemma 5.4. Let C be a unital separable simple C* -algebra with TR{C) < 1 and let n > 1 be 
an integer. For any e > 0, 7y > 0, any finite subset C C, there exists 5 > 0, a projection p € A 
and a C* -subalgebra D = Mn with Id = P such that 

\\[x,p]\\ < € for all X £ J'; (e5.162) 
y]|| < e for all x £ and y £ D with ||y|| < 1 and (e 5.163) 

t{1-p) < ri for all T £T{C). (e 5.164) 

Proof. Choose an integer > 1 such that 1/A^ < r//2n and N > 2n. It follows from (the proof 
of ) Theorem 5.4 of [28] that there is a projection q £ C and there exists a C*-subalgebra B of 
C with 1b = q and B = ef^iMx, with Ki > N such that 

\\[x,q]\\ < ri/4 for ah x £ J"; (e 5.165) 

y]\\ < e/4 for all x £ T and y £ B with ||y|| < 1 and (e 5.166) 

r(l -q) < rf/2n for ah r G T{C). (e 5.167) 

Write Ki = kiU + with fcj > 1 and < rj < n for some integers ki and rj, i = 1,2, L. Let 
p G -B be a projection such that the rank of p is ki in each summand M/^. of B. Take Di = pBp. 
We have 

< e/2 for all x £ J"; (e 5.168) 

y]|| < e for all x £ !F,y £ Di with ||y|| < 1 and (e 5.169) 

t{1-p) < r]/2n + n/N < r//2n + r?/2 < r] for all r G T{C). (e 5.170) 
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Note that there is a unital C*-subalgebra D C Di such that D = Mn- 

□ 

Lemma 5.5. Let n > 1 be an integer with n > 64. Let e > and 1/2 > ei > 0. Suppose that 
A is a unital simple C* -algebra with TR{A) < 1, suppose that T <Z A is a finite subset and 
suppose that u G U{A). Then, for any e > 0, there exists a unitary v ^ A and a continuous path 
of unitaries {w{t) : t G [0, 1]} <Z A such that 

\\[x,w{t)]\\<e for all f (^T and for all t ^ (e5.171) 

■w(O) = 1, w{l) = v and (e 5.172) 

15 

/^TOj(/a) > (e 5.173) 

for all open arcs la of T with length a > 47r/n and for all t £ T{A), where i : C(T) A is 
defined by i{f) = f{vu). Moreover, 

length({w(t)}) < vr. (e 5.174) 

If, in addition, vr > 6i > 62 > • • • > &m > and 1 = do > di > d2 > ■ ■ ■ > dm > are given 
so that 

^roioihi) > di for all T £ T{A), i = l,2,...,m, (e 5.175) 

where iq : C{T) A is defined by io{f) = f{u) for all f G C(T), then one also has that 

^™(/cJ > (1 - ei)di for all r G T{A), (e 5.176) 

where Ib^ and 1^ are any open arcs with length hi and Ci, respectively, and where q = 6, + ei, 
i = 1,2, ...,m. 

Proof. Let e > 0, and let n > 64 be an integer. Put £2 = min{ei/16, l/64n^}. Let C Ahe a 
finite subset and let u G U{A). Let 5i > (in place of 5) be as in 15.11 for e, 62 (in place of ei) 
and let G = {cij} c D = Mn be as required bv l5.1i 

Put 6 = (5i/16. By applying 15.41 there is a projection p £ A and a C*-subalgebra D = Mn 
with If) = p such that 

||[x,p]|| < 5 for all x £ (e5.177) 
II [pxp,y] II < 6 for all x £ T and y £ D with ||y|| < 1 and (e 5.178) 

t{1-p) < £2 for all T G r(C). (e5.179) 

There is a unitary uq £ (1 — p)A{l — p) and a unitary ui £ pAp. Put Ai = pAp and J^i = {pxp : 
X £ T}. We apply ISTT] to Ai, T\ and u\. We check that lemma follows. 

□ 

The proof of the following lemma follows the same argument using WM as in that of 15. 51 but 
one applies [5^31 instead of I5.1i 

Lemma 5.6. Let n > 64 be an integer. Let e > and 1/2 > ei > 0. Suppose that A is a unital 
simple C* -algebra with TR{A) < 1, X is a compact metric space, (j) : C{X) A is a unital 
homomorphism, T C C(X) is a finite subset and suppose that u £ U{A). Suppose also that, for 
some o" > and 1 > b > 0, 

t(0(/)) > a for all r G r(^) and (e 5.180) 
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for all f £ C(T) with < / < 1 whose supports contain an open ball with radius at least b. 
Then, there exists a unitary v G A and a continuous path of unitaries {v{t) : t S [0,1]} C A 
such that t)(0) = 1, v{l) = v, 

||[0(/), v{t)]\\ < € and \\[u, v{t)]\\ < e for all f G J" and t G [0,1], (e5.181) 
I'ifj 

r{<f>{f)g{vu)) > ^ for all r G T{A) (e 5.182) 

for any f G C{X) with < / < 1 whose support contains an open ball of radius at least 2b and 
any g S C(T) with < g <1 whose support contains an open arc ofT with length a > Svr/n. 
Moreover, 

length({w(t)}) < TT. (e 5.183) 

//, in addition, 1 > 6i > 62 > " " " > ^fc > 0, 1 > di > (i2 > • • • > dfc > are given and 

T{cp{f')g' {u)) > di for all r E T{A) (e 5.184) 

for any functions f G C{X) with < /' < 1 whose support contains an open ball with radius 
bi/2 and any function g' G C(T) with < 5' < 1 whose support contains an arc with length bi, 
then one also has that 

T{4>{f")g" {vu)) > (1 - ei)d, for all r G T{A), (e 5.185) 

where f" G Ci^) with < /" < 1 whose support contains an open ball with radius ci and 
g" G C(T) with < g" whose support contains an arc with length 2cj, where Ci = bi + ei, 
i = 1,2, ...,k. 



5.7. Define 



, , , 1 , 8-K Att Stt Att , , 

Aoo(r) = — if < + — — <r< — + — — (e 5.186 

2(n + l)2 n + 1 2"+2(n + l) " n 2"+% ^ ^ 

(e 5.187) 



for n > 64 and 

Aoo(r) = ^ if r > 8vr/64 + (e 5.188) 
Let A : (0, 1) — > (0, 1) be a non-decreasing map. Define 

0„(A)(r) = AW„)A™(r) if < ^ + ^.^^ < ^ ^ + 2^ <^^^"*^' 



(e 5.190) 



for n > 64 and 



4tt 

A(A)(r) = Do(A)(4vr/64) if r > 87r/64 + ^^^^^ . (e 5.191) 

Lemma 5.8. Suppose that A is a unital separable simple C* -algebra with TR{A) < 1, suppose 
that <Z A is a finite subset and suppose that u G U{A). For any e > and any rj > 0, there 
exists a unitary v G Uq{A) and a continuous path of unitaries {w{t) : t G [0,1]} C Uo{A) such 
that 

w{0) = 1, w{l) = v, \\[f, w{t)]\\ < e for all f £ and t G [0,1], and (e5.192) 

l^rotila) > Aoo(a) for all t G T{A) (e 5.193) 

for any open arc la with length a > rj, where i : CiT) A is defined by i{g) = g{vu) for all 
g G C(T) and Aqo is defined in \5. 7| 



26 



Proof. Define 

7 " 2 

A00,n(r) = 1,(^^1), -E 9. + 1)2 5.194) 

fcTl ^ ^ 2™+i2'"+2(m + 1) ^ - T ^ ^ 2'^+i2'"+im ^^^'^^^^ 

m=k m=k 

if n > A: > 32, and Aoo,n(r) = Aoo,n (4^/32 + ^h^) if r > 4^/32 + ^b^- 

Without loss of generality, we may assume that rj = An/n for some n > 32. We will use the 

induction to prove the statement which is exactly the same as that of Lemma [5.8l but replace Aqo 

by Aoo,fc for k > 32. It follows from 15.51 by choosing small ei, the statement holds for k = 32. 
Now suppose that the statement holds for all integers m with k > m> 32. Thus we have a 

continuous path of unitaries {w'{t) : t E [0, 1]} C Uq{A) such that 

w{<d) = 1, w'{l) = v\ ||[/, w'{t)]\\ < e/2 for ah t £ [0,1] and (e 5.196) 
^lro^M > Aoo,fc for all r G T(^), (e 5.197) 

for all open arcs with length a > ^Tr/k, where tk ■ C(T) — > A is defined by ikig) = g{v'u) for all 
9 G C{T). 
Let 

47r^^ 47r ^ \^ ^ 

' = 7TT ^ ^ 2-+i2™+2(m + l) ^' " 12(j + 1)2 " ^ 9-2-+i(m + l)2 (^^'^^S) 

J = 32, 33, /c. Choose ei = 9.2fc+2^(fc^3)2 ■ By applving 15.51 we obtain a continuous path of 
unitaries {w" {t) : t G [0, 1]} C Uq{A) such that 

w"{Q) = 1, u;"(l) = v\ ||[/, w"(t)]|| < e/2 for all t G [0,1] and (e 5.199) 

157r 

/^r«,+,(/;,) > ^^^j^^-^y for all r G T(yl) (e 5.200) 

for all open arcs lb with length h > jj^^j, where ik+i ■ C(T) — > j4 is defined by tk+i{g) = 
g{v"{v'u)) for g G C(T). Moreover, for any open arc Icj with length Cj, 

7 '"'^"^ 2 

-ro?k,i(/c ) > (l-ei)d,- > ^ ^- V — ^ for all r G TM), (e5.201) 

k+uc,;_v J -12 7+1 2 9.2'"+i(m + l 2 ^ ^' ^ ^ 

m=j 

j = 32, 33, k. Now define «;(t) = w"{t)w'{t) for t G [0, 1]. Then 

w{0) = 1, w{l) = v"v and ||[/, u;(t)]|| < e for all t G [0,1]. (e 5.202) 

This shows that the statement holds for /c + 1. By the induction, this proves the statement. 

Note that Aoo,n(^) ^ Aoo(?^) for all r > Air/n = tj. The lemma follows immediately from the 
statement. 

□ 

Corollary 5.9. Let C be a unital separable simple amenable C* -algebra with TR{C) < 1 which 
satisfies the UCT. Let e > 0, G C be a finite subset and let 1 > r] > 0. 

Suppose that A is a unital simple C* -algebra with TR{A) < 1, <p : C ^ A is a unital 
homomorphism and u G U{A) is a unitary with 

c), u]|| < e for all ceJ". (e 5.203) 
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Then there exist a continuous path of unitaries {u{t) : t £ [0, 1]} C U{A) such that 

u{0) = u, u{l) = w and || u{t)]\\ < 2e (e 5.204) 

for all f £ and t G [0, 1]. Moreover, for any open arc la with length a, 

IJ'Tot{Ia) > Aoo(a) for all a>r], (e 5.205) 

where i : C(T) ^ A is defined by i{f) = f{w) for all f G C(T). 

Proof. Let e > and ^ C C be as described. Put J^i = 4>{J^)- The corollary follows from 15.81 by 
taking u{t) = w{t)u. 

□ 

The proof of the following lemma follows from the same argument used in that of 15.81 by 
applying 15.61 instead. 

Lemma 5.10. Let A : (0, 1) (0, 1) be a non- decreasing map, let r] > 0, let X be a compact 
metric space and let T C C(X) be a finite subset. Suppose that A is a unital simple C* -algebra 
with TR{A) < 1, suppose that (j) : C{X) A is a unital homomorphism and suppose that 
u G U (A) such that 

f^ro^Oa) > A(a) for all r G T{A) (e 5.206) 

for any open ball with radius a > tj. For any e > 0, there exists a unitary v G Uo{A) and a 
continuous path of unitaries {v{t) : t G [0, 1]} C Uq{A) such that 

v{0) = 1, v{l) = V (e5.207) 
ll[0(/)> vit)]\\ < e, \\[u, v{t)]\\ < e for all f £ J=' and t G [0,1] and (e 5.208) 
T{^{f)g{vu)) > Do{A){a) for all r G T{A) (e5.209) 

for any f G C{X) with < / < 1 whose support contains an open ball with radius a > Arj and 
any g G C(T) with < 5 < 1 whose support contains an open arc with length a > 4?7, where 
Do (A) is defined in\5_ 



6 The Basic Homotopy Lemma for C{X) 

In this section we will prove Theorem 16.21 below. We will apply the results of the previous 
section to produce the map L which was required in Theorem 14.51 by using a continuous path of 
unitaries. 

Lemma 6.1. Let X be a compact metric space, lef A : (0, 1) ^ (0, 1) be a non- decreasing map, 
let e > 0, let rj > and let T C C(X) be a finite subset. There exists 5 > and a finite subset 
G C C{X) satisfying the following: 

Suppose that A is a unital simple C* -algebra with TR[A) < 1, suppose that (j) : C{X) — > A 
and suppose that u £ U (A) such that 

II [0(/), u\\\<6 for all f eg and (e 6.210) 

Airo^(Ofo) > A(a) for all r G T{A) (e 6.211) 
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for any open balls Ob with radius b > rj/2. There exists a unitary v £ Uo{A), a unital completely 
positive linear map L : C{X x T) A and a continuous path of unitaries {v{t) : t £ [0, 1]} C 
Uo{A) such that 

v{0) = u, v{l) = v, \\[(j){f), v{t)]\\ < e for all f £ J' and t £ [0,1], (e6.212) 
\\L{f 0z)- ^{f )v\\ < e, \\L{f 1) - ^{f )\\ < e for all f £ T and (e6.213) 
^roL(Oa) > (2/3)i?o(A)(a/2) for all r £ T{A) (e 6.214) 



for any open balls Oa of X x T with radius a > brj, where Dq{A) is defined in 5.' 



Proof. Fix e > 0, r/ > and a finite subset T C C{X). Let Ti C C{X) be a finite subset 
containing Let eq = min{e/2, 1?o(A)(^)/4}. Let Q C C{X) be a finite subset containing 
lc(x) ^'^d z. There is (5o > sucli that there is a unital completely positive linear map 
L' : C{X xT) ^ B (for unital C*-algebra B) satisfying the following: 

\\L'{f z) - cp'{f)u'\\ < eo for all f £ J^i (e 6.215) 

for any unital homomorphism (p' : C{X) B and any unitary u' £ B whenever 

!![(/>' (5), u]\\<6o for all g£g. (e 6.216) 

Let < 6 < min{(5o/2, e/2, eo/2} and suppose that 

u]\\<6 for all g£g. (e 6.217) 



It follows from 15.10] that there is a continuous path of unitaries {z{t) : t £ [0, 1]} C Uo{A) such 
that 

z(0) = 1, z(l) = vi, (e6.218) 

II [</>(/), z{t)]\\ < S/2, \\[u, z{t)]\\ < 5/2 for ah t £ [0,1] and (e 6.219) 

Ticl){f)g{viu)) > Do(A)(a) (e 6.220) 

for any / £ C{X) with < / < 1 whose support contains an open ball with radius 4r/ and 
g £ C(T) with < 5 < 1 whose support contains open arcs with length a > Arj. 

Put V = viu. Then we obtain a unital completely positive linear map L : C{X x T) ^ ^4 
such that 

||L(/ z) - cp{f)v\\ < eo and ||L(/ 1)- <P{f)\\ < eo for all / £ T^. (e6.221) 
If J-\ is sufficiently large (depending on 77 only), we may also assume that 

[irohiBa X Ja) > (2/3)L»o (A) (a/2) (e6.222) 
for any open ball Ba with radius a and open arcs with length a, where a > 5r]. 

□ 

Theorem 6.2. Let X be a finite CW complex so that X xT has the property (H). Let C = 
PC{X, Mn)P for some projection P £ C{X,Mn) and let A : (0, 1) (0, 1) be a non- decreasing 
map. For any e > and any finite subset T £ C, there exists (5 > 0, r/ > and there exists a 
finite subset Q <Z C satisfying the following: 

Suppose that A is a unital simple C* -algebra with TR{A) < 1, (f> ■ C A is a unital 
homomorphism and u £ A is a unitary and suppose that 

c), n]|| < S for all c£g and BoU{(p,u) = {0}. (e6.223) 
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Suppose also that 

^lro40a) > ^{a) (e 6.224) 

for all open balls Oa of X with radius 1 > a > rj, where Urocp is the Borel probability measure 
defined by restricting cj) on the center of C. Then there exists a continuous path of unitaries 
{u{t) : t € [0, 1]} in A such that 

n(0) = u, u{l) = 1 and {{[(pic), u{t)]\\ < e (e 6.225) 

for all c £ and for all t € [0, 1]. 

Proof. First it is easy to see that the general case can be reduced to the case that C = C{X, Mn). 
It is then easy to see that this case can be further reduced to the case that C = C{X). Then 
the theorem follows from the combination of l4.4l and 16.11 

□ 

Corollary 6.3. Let k > 1 be an integer, let e > and let A : (0, 1) (0, 1) be any non- 
decreasing map. There exist 6 > and rj > (r] does not depend on A) satisfying the following: 
For any k mutually commutative unitaries ui,U2, ...,Uk and a unitary v E U{^) in « unital 
separable simple C* -algebra A with tracial rank no more than one for which 

\\[ui, v]\\ < 5, hottj{ui,v) = 0, j = 0, 1, i = 1,2, ...,/c, and ^To^{Oa) > A(a) for all r G T{A), 

for any open ball Oa with radius a > r], where (p : C{T^) A is the homomorphism defined by 
4>{f) = /(ui, U2, tifc) for all f G C(T^), there exists a continuous path of unitaries {v{t) : t E 
[0, 1]} C A such that v{0) = v, v{l) = 1 and 

\\[ui, v{t)]\\ < e for all t E [0,1], i = 1,2,..., k. 

Remark 6.4. In 16.31 ii k = 1, the condition that botto(iii,f) = is the same as f E Uo{A). 
Note that in Theorem 16.21 the constant 6 depends not only on e and the finite subset but also 
depends on the measure distribution A. As in section 9 of [29], in general, 6 can not be chosen 
independent of A. 

Unlike the Basic Homotopy Lemma in simple C*-algebras of real rank zero, in Theorem 16.21 
as well as in 16. 3| the length of {u{t)} (or {vt}) can not be possibly controlled. To see this, 
one notes that, it is known (see [3^) that cel(^) = oo for some simple AH-algebras with no 
dimension growth. It is proved (see [13], or Theorem 2.5 of [28j ) that all of these C*-algebras 
A have tracial rank one. For those simple C*-algebras, let A: = 1. For any number L > ir, choose 
u = V and v E U(){A) with cel{v) > L. This gives an example that the length of {vt} is longer 
than L. This shows that, in general, the length of {vt} could be as long as one wishes. 

However, we can always assume that the path {u{t) : t E [0,1]} is piece-wise smooth. 
For example, suppose that {u(t) : t E [0,1]} satisfies the conclusion of 16.21 for e/2. There are 

= to < *i < ■ ■ ■ *n = 1 such that 

\\u{ti) - u{ti.i)\\ < e/32, i = l,2,...,n. 
There is a selfadjoint element hi £ A with \\hi\\ < e/8 such that 

u{ti) = u{ti_i) exp(\/^/ii), i = 1, 2, n. 

Define ^ ^ 

w{t) = u{ti-i) exp(\/^( ^ ""-^ )hi) for all t E [ti-i,ti), 

H H— 1 

1 = 1, 2, n. Note that 

II [0(c), w{t)]\\ < e for all t E [0,1]. 
On the other hand, it is easy to see that w{t) is continuous and piece- wise smooth. 
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7 An approximate unitary equivalence result 



The following is a variation of some results in [15]. We refer to [15j for the terminologies used 
in the following statement. 

Theorem 7.1. (cf. Theorem 1.1 of [15]) Let C be a unital separable amenable C* -algebra sat- 
isfying the UCT. Let b > 1, let T : N'^ ^ N, L : U{M^{C)) ^ M+, S : M+ x N ^ M+ and 
Ti = N X K : C-f \ {0} ^ N x M_|_ \ {0} be four maps. For any e > and any finite subset 
J- C C, there exists 6 > 0, a finite subset G C C, a finite subset TC C C+ \ {0}, a finite subset 
V C K_(C), a finite subset U C U{Moo{C)), an integer I > and an integer k > satisfying the 
following: 

for any unital C* -algebra A with stable rank one, K^-divisible rank T, exponential length di- 
visible rank E and cer(Min(A)) < b (for all m) , if (p, ip : C ^ A are two unital 6 -G -multiplicative 
contractive completely positive linear maps with 

= and cel((0)(u)*(V')(u)) < L{u) (e 7.226) 

for all u £ U, then for any unital 6-G -multiplicative contractive completely positive linear map 
6 : C ^ Mi{A) which is also T-7i-full, there exists a unitary u G Mif^^i{A) such that 

k k 
\\u*diag{(f){a),eia),0ia),--- ,9{a))u - diag{ij (a), 6 (a), (a),- ■ ■ ,e{a)\\ <e (e 7.227) 

for all a £ J^. 

Proof. Suppose that the theorem is false. Then there exists eo > and a finite subset J- <Z C such 
that there are a sequence of positive numbers with 5„ | 0, an increasing sequence of finite 
subsets {Gn} whose union is dense in C, an increasing sequence of finite subsets {TLn} C C+ \{0} 
whose union is dense in C+, a sequence of finite subsets {Vn} of K_{C) with U^;^'P„ = K{C), 
a sequence of finite subsets {Un] C U{Moo{C)), two sequences of {l{n)} and {k{n)} of integers 
(with lim„^oo Kn) = oo), a sequence of unital C*-algebra An with stable rank one, A'o-divisible 
rank T, exponential length divisible rank E and cer(Mm(^n)) ^ b (for all m) and sequences 
{(pn}, {tpn} of ^n"'5n"iiiultiplicative contractive completely positive linear maps from C into A^ 
with 

[</.„]|p = [^n]\v and cel{{<l)){u){^){u*)) < L{u) (e 7.228) 

u £Un satisfying the following: 

inf{sup{||?;*diag((/)„(a),5„(a))'t; - diag(V'n(a), 5'„(a))|| : a G J^} > eo (e 7.229) 

where the infimum is taken among all unital Ti-'Hn-full and (5„-^„-multiplicative contractive 
completely positive linear maps : C — > M;(„)(A„) and where 

fc(n) 

, ^ ^ 

Sn{a) = diag(cr„(a), o-„(a), • • • , cj„(a)), 

and among all unitaries v in Mi(^n)k(n)+i[-^n) ■ 

Let Bq = 0^^^ A„, B = n^^^ Bn, Q{B) = B/Bq and n : B ^ Q{B) be the quotient map. 
Define : C ^ B by $(a) = {(/>„(a)} and *(a) = {^n(a)} for a G C. Note that vr o $ and 
TT o are homomorphism. 

For any u G Um^ since A^ has stable rank one, when n > m, 

{cPn){u){{i>n){u)r G Uo{An) and cel((</)„)(u)((V„)(n))*) < L{u). (e 7.230) 
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It follows that, for all n > m, (by Lemma 1.1 of [15j for example), there is a continuous path 
{U{t) G Un=m^n : t e [0, 1]} such that 

U{0) = {(0„)(u)}„>„ and ^7(1) = {(^„)(u)}„>^. 

Since this holds for each m, it follows that 

o = (vr o ^r),! (e 7.231) 

It follows from (2) of Corollary 2.1 of [15j that 

KoiB) = II Ko{Bn) and Ko{Q{B)) = J] Ko{Bn)/ K^iBn). (e 7.232) 

h b n 

Then, by ()e 7.228P and by using the fact that each Bn has stable rank one again, one concludes 
that 

o $),o = (tt o ^'),o (e 7.233) 

Moreover, with the same argument, by ()e 7.228|) and by applying (2) of Corollary 2.1 of [15] . 

° ^]\K,{c\z/kZ) = [tt o ^']U,(c,z/fcZ), k = 2,3, and i = 0, 1. (e 7.234) 

Since C satisfies the UCT, by 

[vr o = [tt o ^r] in KL{C, Q{B)). (e 7.235) 

On the other hand, since each (T„ is 5„-^„-multiplicative and Ti-Hn-full, we conclude that vr o S 
is a full homomorphism, where S : C — > i? is defined by S(c) = {o"n(c)} for c G C 

It follows from Theorem 3.9 of [25] that there exists an integer and a unitary W £ Q{B) 
such that 

N 

||VF*diag(7ro$(c),7roS(c),-- - ,7roS(c))VF (e 7.236) 

N 

, s 

-diag(7ro^'(c),7ro7roS(c),--- ,7roS(c)|| < eo/2 (e 7.237) 

for all c £ J-. There exists a unitary u„ G for each n such that 7r({?i„}) = W . Therefore, by 
(|e 7.238p . for some large no > 0, 

N 

, V 

||u*diag(0„(c),cr„(c), • • • ,c7„(c))u„ (e 7.238) 

N 

, " ^ 

-diag(V'n(c),o-„(c),--- ,cr„(c))|| < eo (e 7.239) 

for all c G jr. This contradicts with (je 7.229p . 

□ 

Remark 7.2. Suppose that U{C)/Uq{C) = Ki(C). Then, from the proof, one sees that we may 
only consider U C U{C). 
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Theorem 7.3. Let C he a unital separable simple amenable C* -algebra with TR{C) < 1 satis- 
fying the UCT and let D = C ® C(T). Let T = N x K : D+\{Q} ^ n+ x^+ \ {0}. 

Then, for any e > and any finite subset T d D, there exists 5 > 0, a finite subset G C D, 
a finite subset 7i C Z)+ \ {0}, a finite subset V C K_{C) and a finite subset lA C U{D) satisfying 
the following: Suppose that A is a unital simple C* -algebra with TR(A) < 1 and : D ^ A 
are two unital 6 -Q -multiplicative contractive completely positive linear maps such that (p, ip are 
T-n-full, 

\t o ct){g) -TO ^(c,)| < 5 for all g e G (e 7.240) 

for all T £ T{A), 

MIp = [ip]\v and 

for all w GU. Then there exists a unitary u G U{A) such that 

aduoip^^(j) on (e 7.243) 

Proof. Let e > and a finite subset F C D. ¥\y. T = N x K as given. Let Ti = N x 2K. 
Let I > 5i > Gi C D, Hi d D+ \ {0}, Vi C K{D), Ui C U{M^{D)), integer I and k as 
required by 17.11 for e/8, J- and T as well as for 6 = 2, T{n,m) = 1, L{u) = 2cel(n) + Svr + 1, 
E{l,k) = Svr + l/k . We may assume that 5i < min{e/8, l/Svr} and k > 2. Without loss of 
generality, we may assume that Gi = {g ^, g & Go} U {1 (8) z}, where Go ^ C and z is the 
identity function on T, the unit circle. Note that Ki{D) = Ki{A)@Kq{A). It is clear that 
Ki{D) is generated by u 1 and {p ® z) + {1 — p) ® 1 for u £ U (A) and projections p £ A. In 
particular, Ki{D) = U{D)/Uo{D). Thus (see the remark [72]), we may assume that Ui C U{A). 

Since TR{C) < 1, for any 62 > 0, there exists a projection e G C and a C*-subalgebra 
Co £ T with Icq = e and a contractive completely positive linear map ji : C — > Co such that 

(1) ||[x,e]|| <62 forxG^o; 

(2) dist(exe, ji(x)) < 62/^: for x £ Go and 

(3) {2kl + l)r(l - e) < T(e) and r(l - e) < S2/{2kl + 1) for all r G T{C). 

Put zq = {1 — e) z, zi = e (i^ z and jo(c) = (1 — e)c(l — e) for c G C. We may also assume 
that 62 < 61 /A. Put Goo = ji{Go)- Thus 

dist(exe,^oo) < '^/4 for ah x G ^o- (e 7.244) 

Let Z)o = C'o ^3 C(T). Let T' = T|(£)g)^\|o}. Let 63 > (in place (5), let G2 (in place of G) be a 
finite subset of Dq, let 7^2 C (-Do)+ \ {0}, let V2 (in place of V) be a finite subset of K_{Dq) and 
let (in place oiU) be a finite subset of U{Moo{Do)) required by Theorem 11.5 of [M] for <5i/4 
(in place of e). Goo U {-^i} (in place of J^) (and Dq in place of C). Here we identify e with l/j^. 
Let J = ji® idc(T) : -Do — *■ be the obvious embedding and Jo = jo ® idc(T). Let V2 G K(D) 
be the image of under [J] . 

Now let 6 = mm{62/{8kl + 1),(53/(8A;Z + 1)}, ^ = ^1 U ^2 U {e, (1 - e)}. Here we also view 
G2 as a subset of D. Let H = Hi^ ?^2, let V = Vi yj V'2 U = Ui [J {(e + (jo)(it) : u G 
Z^i}U{(l-e)+7;:t;GZ^2}- 

Suppose that (/> and V' satisfy the assumptions of the theorem for the above G, V and U. 
Let (j)' = (j)oJ,ip' = 'iljoJ. There is a unitary uq G ^ such that 

UQ'ijj'{e)uo = (p'ie) = eo € A. 



(e 7.241) 
(e 7.242) 
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Put Ai = eoAcQ. We have [adwo o '0']|-P2 — [*^^']I'P2 ^^d^ for g E 

\toaduootp'{g)-to^'{g)\ < < ^3 for all t G r(eAe). (e7.245) 



Moreover, by the first part of 13.31 

dist((adnooV'')^(u^),(0')*(w^)) < (2 + < -Js (e 7.246) 

for all w £ U2- 

By the choice of W2, 1^2 and 7^21 and by applying 11.5 of [34], there is a unitary ui G Ai 
such that 

ad ui o ad o ^/;' on Qqq. (e 7.247) 

Let G'qq be a finite subset containing ^00 U j(Wi) and ^4 > 0. Since TR{Ai) < 1, by Lemma 
5.5 of [28], there are mutually orthogonal projections (70, 91, 92, with [go] < [qi] and 

[qi] = [O'i], ^ = 1,2, ...,8kl + 4, and there are unital (54-^qo multiplicative contractive completely 
positive linear maps Lq : Dq ^ QoAqo and Li : Dq ^ QiAqi {i = 1, 2, + 4) such that 

</.' Lo e Li e L2 e • • • e ^§^+4 on g(,'o> (e 7.248) 

and there exists a unitary € (gi + gj)j4(gi + g^) such that 

adWioLi = Li, i = l,2,...,8kl. (e 7.249) 

Since <j) is T-'H-full, with sufficiently small 64 and sufficiently large G'qq we may also assume 
that each L, o is also Ti-'Hi-full and 64 < 6/ A. Define Qi = X]j^+8(i-i) ^0 ~ Ylt=i I'i 
= Sj^+8{j-i) ^ = 1; 2, A;/. Note by le 7.249]) . are unitarily equivalent to $1. 
Since Ko(A) is weakly unperforated (see Theorem 6.11 of [19j), we check that 

\po + qo + Qo] < [Qt] and 2[po + go + Qo] > [Q,], i = l,2,...,kl (e 7.250) 



Put 00 = (f) o Jo ® Lq o J (B ^i=i Li o J and ^/^o = V' ° -^o © -^^o ° -'^ © I^i=i ° "J- 13. 31 we 
compute that 

dist(4(?Z;),4(^^)) < ^1 for all w (^U (e 7.251) 
It follows Lemma 6.9 of [28j that 

cel(((/)o>W(V'o>W*) < 87r + 1 for all u(^U. (e 7.252) 

We also have 

[M\v, = m\v,- (e 7.253) 
Since $1 o j is Ti-'Hi-full, by applying 17.1] we obtain a unitary w G U{A), 

kl kl 



\\w*diag{Mc), ^1 o J(c), ^-i o J{c))w - diag(0o(c), $1 o J(c), o J{c))\\ < e/8 (e 7.254) 

for all c£ T . Since ^i o ji is unitarily equivalent to $1 o j^, there is a unitary w' & U (A) such 
that 

\\{w'ydiag{Mc),^i o J(c),...,«'fc/ o J(c))u;' (e 7.255) 

-diag((/>o(c),$io J(c),...,$feiO J(c))|| <e/8 (e 7.256) 
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for all c G It follows that 

||(«;')*diag(V^ o Jo(c),Lo o J {c) , 4>' {c))w' - diag(</> o Jo(c), Lq o J(c), </>'(c))|| < e/4 (e 7.257) 
for all c ^ J-. 

Let u = {{1 — eo) © eo^^o'Ui)'"^'- Then, by (je 7.247p . we have 

llwMiagCV'o Jo(c),V''(c))u-diag((/>o Jo(c),0'(c))|| < e/2 (e 7.258) 

for all c G jr. It follows that 

ad M o «^ i;^) on T. (e 7.259) 

□ 

Corollary 7.4. Let C he a unital separable amenable simple C* -algebra with TR{C) < 1 which 
satisfies the UCT, let D = C ® C(T) and let A he a unital simple C* -algebra with TR{A) < 1. 
Suppose that (pjip : D ^ A are two unital monomorphisms. Then (/) and are approximately 
unitarily equivalent, i.e., there exists a sequence of unitaries {un} C A such that 

lim adu„ o ip^d) = (p{d) for all d G D, 

n— »oo 

if and only if 

[(j)] = [V'] in KL{D, A),Toct> = Toip for all T e T{A) and = 0*- 

8 The Main Basic Homotopy Lemma 

Lemma 8.1. Let C be a unital separable simple C* -algebra with TR{C) < 1 and let A : (0, 1) — > 
(0, 1) be a non- decreasing map. There exists a map T = N x K : Dj^ \ {0} N+ x \ {0}, 
where D = C ® C(T), satisfying the following: 

For any e > 0, any finite subset T d C and any finite subset H C -D+ \ {0}, there exists 
(5 > 0, 7/ > and a finite subset G C C satisfying the following: for any unital separable unital 
simple C* -algebra A, any unital homomorphism (j) : C ^ A and any unitary u ^ A such that 



(c), u]\\ < 6 for all ceG and (e 8.260) 

f^TotiOa) > A(a) for all r G r(^) (e 8.261) 

and for all open balls Oa with radius a> rj, where i : C(T) A is defined by i{f) = f{u), there 
is a unital contractive completely positive linear map L : D ^ A such that 

||L(c© 1) - 0(c)|| < e \\L{c(g) z) - (t){c)u\\ < e for all c£ T (e 8.262) 

and L is T-7i-full. 

Proof. We identify D with C(T, C). Let / G \ {0}. There is positive number b > 1, g & 
with < 5 < 6 • 1 and /i G £>+ \ {0} with < /i < 1 such that 

9fgfi = fi- (e 8.263) 

There is a point t^ such that /i(to) 7^ 0. There is r > such that 

r(/i(t))>T(/i(to))/2 
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for all T G T{C) and for all t with dist(t, to) < 

Define Ao(/) = inf{r(/i(to))/4 : r G T{C)} ■ A(r). There is an integer n > 1 such that 

n-Ao(/)>l. (e 8.264) 

Define T{f) = {n,b). Put 

T] = inf{Ao(/) : / G W}/2 and ei = minje,?]}. 

We claim that there exists an ei-J^ U H-multiplicative contractive completely positive linear 
map L : D ^ A such that 

||L(c® 1) - (/>(c)|| < e for ah c G J^, ||L(1 z) - n|| < e and (e 8.265) 

|r o L(/i) - / T{c|){fl{s)))d|Sro^is)\ < V for ah r G T(^) (e8.266) 

and for all / G Otherwise, there exists a sequence of unitaries {n„} C U{A) for which 
Airo2„(Oa) > A(a) for all r G T(j4) and for any open balls Oa with radius a > a„ with On ^ 0, 
and for which 

lim ||[(/)(c), = (e 8.267) 



n— »oo 



for all c G C and suppose for any sequence of contractive completely positive linear maps 
Ln ■■ D ^ A with 

lim ||L„(a6) - L„(a)L„(6)|| = for ah a, 6 G £», (e8.268) 

n— >oo 

lim ||L„(c®/)-0(c)/K)|| = 0, (e8.269) 

n— >oo 

for all c G C7, / G C(T) and 

liminf{max{|roL„(/i) - / T{<^){h{s)))d^lro^,M\ : / £ W}} > r/ (e8.270) 

for some r G T(A), where : C(T) ^ is defined by inif) = f{un) for / G C(T) (or no 
contractive completely positive linear maps L„ exists so that (|e 8.268p . (|e 8.269P and (je 8.269P ). 

Put An = A, n = 1,2,..., and Q(A) = Iln^n/Sn^n. Let vr : n„^n ^ Q(^) be the 
quotient map. Define a linear map L' : D ^ An by L{c® 1) = {</>(c)} and L'(l ® z) = {un}. 
Then tt o L' : D — > (5(^) is a unital homomorphism. It follows from a theorem of Effros and 
Choi ([3]) that there exists a contractive completely positive linear map L : D ^ Yln^n such 
that TT o L = TT o L' . Write L = {Ln}, where Ln '■ D ^ An is a contractive completely positive 
linear map. Note that 

lim \\Ln{a)Ln{b) - Ln{ab)\\ = for all ab £ D. 

n— >oo 

Fix r G T(^), define t„ : Hn — > C by tn{{dn}) = T{dn). Let t be a limit point of {tn}- 
Then t gives a state on Hn^".- Note that if {dn} G 0„^n) then tmi{dn}) — > 0. It follows that 
t gives a state t on Q(A). Note that (by (|e8.269p ) 

t(7roL(c(» 1)) =r(^(c)) 

for all c G C. It follows that 



t{n o L(/)) = / t(^ o L(/(s) l))d^fo.oLK«c(T) = / ^i<t>ifis)))df^to.oLW^cm 8.271) 
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for all / G C(T, C). Therefore, for a subsequence {n{k)}, 

|r oL„(,)(/i) - / Tml{s)))d^iro^„^^^{s)\ < r//2 (e8.272) 

for all f £ TC. This contradicts with (je 8.270p . Moreover, from this, it is easy to compute that 

f^tonoL\,^cm{Oa) > A(a) 

for all open balls Oq of t with radius 1 > a. This proves the claim. 
Note that 



T 



T o ^{f,is))d^iro^{s) > (r(</<(/i (to)/2))) • A(r) 
for all r G T(^). It follows that 

r(L(/i)) > inf{t(/i(to))/2 : t G r(C)} - ??/2 > (4/3)Ao(/) (e 8.273) 

for ah fen. 



By Corollary 9.4 of [M!) there exists a projection e G L{fi)AL{fi) such that 

r(e) > Ao(/) for all r G T(yl). (e 8.274) 

It follows from (je 8.264p that there exists a partial isometry w G M„(^) such that 

n 

u'*diag(e, e, • , e)t(; > 1a- 
Thus there xi,X2, ---yXn G ^ with < 1 such that 

n 

^x*exi>l. (e 8.275) 

i=l 

Hence 

n 

Y,<9f9Xi>l. (e 8.276) 

i=l 

It then follows that there are yi,y2, ■■■lUn £ ^ with ||yj|| < b such that 

n 

Ey;/yi = l- (e 8.277) 

i=l 

Therefore L is T-W-full. 

□ 



Lemma 8.2. Let C be a unital separable amenable simple C* -algebra with TR{C) < 1 satisfying 
the UCT. For 1/2 > a > 0, any finite subset Qq and any projections pi,p2, ■■■,Pm G C. There 
is do > 0, a finite subset Q C C and a finite subset of projections Pq C C satisfying the 
following: Suppose that A is a unital simple C* -algebra with TR{A) < 1, cp : C ^ A is a unital 
homomorphism and u G U(){A) is a unitary such that 

||[(/)(c), <6 <5o for all cGQ UGo and botto(0, n)|po = {0}, (e8.278) 
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where Vq is the image of Pq in Kq(C). Then there exists a continuous path of unitaries {u{t) 
t G [0, 1]} in A with u{0) = u and u{l) = w such that 



\\[(t){c), u{t)]\\ < 36 for all a e g U Go and (e8.279) 
Wj e {1 - (l){pj)) G CU{A), (e8.280) 



where wj £ Uo{(f>{pj)A(p(j3j)) am 



\wj - cl){pj)w(P{pj)\\ < a, (e 8.281) 



j = 1,2, ...,m. 
Moreover, 



cel(t(jj © (1 - (/>(pj))) < 87r + 1/4, j = l,2, ...,m. (e 8.282) 



Proof. It follows from the combination of Theorem 4.8 and Theorem 4.9 of [9] and theorem 10.10 

of [28] that one may write C = lim„_^oo(C„, V'n), where each C„ = 0^i"^ Pn,jC{Xn,j, M^(^n,j))Pn,j 
and where G C'(X„_j, M^^^ j)) is a projection and Xn^i is a connected finite CW complex of 
dimension no more than two with torsion free Ki{C{Xn,i)) and KQ{C{Xnj)) = "L^l,/ s{j)'L 
{s{i) > 1) and with positive cone {(0, 0)U(m, x) : m > 1} (when s(j) = 1, we mean i^'o(C'(X„j)) = 
Z), or Xn^i is a connected finite CW complex of dimension three with i^o(C(^n,i)) — ^ 
torsion Ki{C{Xn^i))- Let d{j) be the rank of Pn,j- It is known that one may assume that 
^ rij^i^ + 6, j = 1, 2, i?(n). This can be seen, for example, from Lemma 2.2, 
2.3 (and the proof of Theorem 2.1) of [TOj. 

Without loss of generality, we may assume that Qq C ipn,ooiCn) and that there are projections 
Pifi £ Cn such that V'n,oo(pj,o) = Pij i = 1) 2, m. Choose, for each j, mutually orthogonal rank 
one projections Qj^Qj^l G Pn,j{C{Xn,j, Mj.(^j^jj))Pnj such that 

[gj^] = (1,0) and [q^'^l] = (1,1) G Z^Z/s{j)Z, 

or = 0, if Ko{C{Xnj)) = Z, j = 1, 2, i?(n). Put q^ . = V'n,oo((?jJ) and g,,,, = </.(g;.J, 
i = 0, 1 and j = 1, 2, ...,R{n). Clearly, in C, may be written as WjQjWj, where Qj is a finite 
orthogonal sum of qjfi and qj^i, j = 1, 2, R{n)}. 

By choosing a sufficiently large Q which contains Go (and which contains Qj, qj^i as well as 
Wj, among other elements) and sufficiently small 5q > 0, one sees that it suffices to show the 
case that {pi,P2, ■■■,Pm} C {qj,o, qj,i : j = I, 2, i?(n)}. Thus we obtain a finite subset Q' and 5'q 
so that when Q Q' and 5q < 5'q one can make the assumption that {pi,P2-, ■■■■,Pm} C {qj,i,i = 
0, 1, j = 1, 2, R{n)}. In particular, {qj^i, i = 0, 1, j = 1, 2, R{n)} C G' ■ 

Let ^0 = ^0 U {qjfi,qj^i ■ j = 1, 2, ...,'i?(n)}. Fix < r? < min{f7/4, 5^/2, 1/16}. Note that 
Pnj is locally trivial in C(X„j, M^(„ j)). Since TR{C) < 1, it has (SP) (see [l9]). It is then easy 
to find a projection ej G ipn,ooiPn,j)Ci{jn,ooiPn,j) and = Mrf(j) C ipn,ooiPn,j)C^n,oo{Pn,j) with 

= such that 

ej]|| < ?? for all x G ^0 (e 8.283) 

dist{e j xe j, Bj) < rj for all x £ Q'q and Cjc/j iej, ejqj ^Cj ^ (e 8.284) 

j = 1,2, R{n). Furthermore, one may require that there is a projection q'j ^ G Bj with rank 
one in Bj such that 

\\q'j^,-ejq'^^iej\\<2r], i = 0,1, j = 1,2, R{n). (e8.285) 
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To simplify notation further, by replacing q^- ^ by one of its nearby projections, we may assume 
that g^-j = q'^^ + (gtj.j - q'jj) and q'^^ > qj^, i = 0,1 and j = 1,2, R{n). Since s(j)[gj_i] = 
s{j)[q'j Q], there is a unitary Yj G PnjC{Xnj, Mj.(^nj))Pn,j such that 



^(i)+3 



y/diag(g^- 1, g^- 1, g^- 1, g^- q, g^- q, 9j,o)^i = diag(gj- q, q'jfi, ■■■,q'jfi)- (e 8.286) 

(Note that d{j) > Ylflli ^U) + 6 and each q'j ■ has rank one.) 

Let {e-''2} be a matrix unit for Bj, j = 1, 2, i?(n). We choose a finite subset Q which 
contains Qq as well as {ep^li 9j',o> {^ j^*}) i = 1, 2, i?(n). Suppose that vj^ G 

C/o((A(eS^i)A</.(eS^J)) and 

d{j) 



Then 



Choose 



= diag(i;j-o,t'i,o, •••,'(^i,o), J = 1, 2, i2(n). (e8.287) 



(x)t>j- = t;j(/>(x) for all x G S^, j = 1,2, ...,i?(n). (e 8.288) 



n = {ki,o], b^i], [e??], Wjfll [Qj,i]J = 1,2, ...,i2(n)}. 



Put qj^i = 4){q[j), i = 0, 1 and j = 1,2, ...,R{n). We choose (5q > such that botto(</>, 14)1^0 
well-defined which is zero and there is a unitary u'-^ G Uo{qj^iAqj^i) such that 



/ 



qj,iuqj^i\\ <26q, i = 0,l, j = 1,2, R{n), 



whenever, ||[(/'(c), < 6q for all c£ Q. 

Let So = {1/32, 5^)/4, (5^74, cj/8}. Suppose that (|e 8.2781) holds for the above G, Vq and < 
5 < 5q. One obtains a unitary u'j ■ G Uo^qj^iAqj^i) and a unitary n"^ G Uo{{qj^i — qj^i)A{qj^i — qj^i)) 
such that 

\\uj^i — qj,iuqj^i\\ < 25, (e 8.289) 

where Uj^i = j + Uj ^, i = 0,1 and j = 1,2, ...,R{n). It follows [33] (see also Theorem 6.6 of 
[28]) that there is vj^ G C/o((/)(e^^|)A(/>(e[-^|)) such that 



dij)ivj,o + (1 -^He^J))) = ulo, in Uo{A)/CU{A), j = 1,2, ...,R{n). (e 8.290) 

i=2 

Put Vj as in (|e8.287|) . It follows from (|e8.29U|) that 



{vj © (1 - (t>{ej))){uj^o © (1 - gi,o) = 1, (e 8.291) 

j = 1,2, ...,R{n). Since Vj^ G [/o((/>(ej)A(/)(ej)), one has a continuous path of unitaries {vjfi{t) : 
t G [0, 1]} such that Vjfi{0) = 0(e^-^]) and Vjfl{l) = vj^, j = 1, 2, R{n). Put 

d{j) 



Vj{t) = diag{vjfi{t),Vjfi{t), ...,Vj^o{t)), j = 1,2, R{n). 
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It follows that 

4>{x)vj{t) = Vj{t)4>{x) for all x e Bj (e 8.292) 
and t £ [0,1], j = 1,2, ...,i?(n). Put 

R{n) R{n) 

Note that, u{0) = u and, if rj is sufficiently small, 

\\[(pic), u{t)]\\ < 2(5 + r]) < 36 for all cGQ. (e 8.293) 

Put 

w = u{l), Wjfl = {vj ® {I - (/){ej)){ujfl ® {I - qjfl)) and (e8.294) 

Wj^i = {vj e (1 - (j){ej))){uj^i e (1 - qj^i),w'j i = vjuj^i, (e 8.295) 

i = 0, 1, and j = 1, 2, R{n). Define 

Wj = {vj © (1 - (j){ej)){ujfl © Uj- 1 © (1 - qjfi - qj^i)). (e 8.296) 

We have that 

wjqj^i = Wj^iqj^i = VjUj^i = Wj^ = qj,iWj^i, 
i = 0,l and j = 1, 2, R{n). Note that, by (le 8.2921) . ([e 8.2831) and (Ie8.285|) . 

\\'Wj,iqj,i - qj,i'wqj^i\\ < a (e8.297) 

i = 0, 1, j = 1,2,.. .,R{n). By (leMlJ), 

Wj.o G CC/(A), j = l,2,...,i?(n). (e8.298) 

It follows from Lemma 6.9 of [28] that 

cel{wjfl) < 87r + 1/4. (e 8.299) 

Put 



Ej = 1- (/)(y/diag(gj- 1, g^- 1, ...,qj^i, q^^, g^- q, gj,o)'^i)- 
It follows from (le 8.2861) that in Uq{A)/CU{A), 



'^fP'>^^0 = diag{wjqj^i,Wjqj^i, ...,Wjqj^i,Wjfl,Wjfl,Wjfl) B Ej (e8.300) 



(j){Y*)di&g{wjqj^i,Wjqj^i, ...,Wjqj^i,Wjqjfi,Wjqj^o,Wjqjfi)(j){Yj) © Ej (e 8.301) 

V ' 



= diag{wjfi,Wjfi, ...,Wj^o) ® Ej = 1, (e8.302) 

^ V ' 

where j = 1, 2, R(n). By (je 8.298p . the above implies that 



w'jf = l, j = l,2,...,R{n). (e 8.303) 
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It follows from Theorem 6.11 that 

Wj^i G CU{A), j = l,2,...,i?(n). (e 8.304) 

It follows from Lemma 6.9 of [28j that 

cel(wj-i) < 87r + 1/4, j = 1,2, R{n). 

□ 

Lemma 8.3. Let C be a unital separable simple amenable C* -algebra with TR{C) < 1 satisfying 
the UCT. Let A : (0, 1) — > (0, 1) be a non- decreasing map. Then, for any e > and any finite 
subset T <Z C, there exists S > 0, r] > 0, a finite subset Q d C and a finite subset V C K(C) 
satisfying the following: 

For any unital simple C* -algebra A with TR{A) < 1, any unital homomorphism (p : C ^ A 
and any unitary u G U{A) with 

!![(/>(/), u]\\ < 6, Bott((/>, n)|p = {0} and (e8.305) 
fJ-ToiiOa) > A(a) for all a>r], (e 8.306) 

where i : (7(T) ^ A is defined by i{f ) = f{u) for all f G C(T), there exists a continuous path of 
unitaries {u{t) : t £ [0, 1]} C A such that 

u{0) = u, n(l) = 1 and \\[<pif), u{t)]\\ < e (e 8.307) 

for all f e and t £ [0, 1]. 

Proof Let Ai : (0,1) ^ (0,1) be defined by Ai(a) = A(a)/2 for ah a G (0,1). Put D = 
C (g) C(T). Let r = iV X K : 1)+ \ {0} ^ N X M+ \ {0} be associated with A as in O and 
T' = N' X K' : D+\{0} ^ n xR+ \ {0} be associated with Ai as in EH Let Ni = max{iV, N'} 
and Ki = max{K,K'}. Define To{h) = Ni{h) x Ki{h) for he D+\ {0}. 

Let e > and T C C he a finite subset. Let !Fi = {f ® g : f ^ !F \J {lc}i 9 £ {-2, lc{T)}}- 
Let <5i > ( in place of 5), C D ( in place of g),noC D+\ {0}, Vi C K{D) (in place of V) 
and U C U{D) be as required by 17.31 for e/256 (in place of e), Ti and Tq ( in place of T). We 
may assume that 6i < e/256. 

To simplify notation, without loss of generality, we may assume that TCq is in the unit ball 
of D and Qi = {c g ■ c G Q'l and g = 1c(t)) 9 = -^li where Ic G is a finite subset of C. 
Without loss of generality, we may assume that U = UiU {zi, Z2, Zn}, where 
Ui C {w lc(T) '■ w G U{C)} is a finite subset and Zi = qi z (B {1 — Qi) lc(T)) ^ = 1)2, ...,n 
and {qi,q2,-,qn} C C is a set of projections. We write K{D) = K{C) ^ l3{K{C)) (see \T8\i . 
Without loss of generality, we may also assume that Vi = VqU fi{V2), where Vq,V2 G K.{C) are 
finite subsets. Furthermore, we assume that qj G G'l and [qj] G 1^2, j = 1, 2, n. Let do > and 
let Qo G C he finite subset such that there is a unital completely positive linear map L' : D ^ A 
such that 

\\L'{c(g)g) - (l){c)g{u)\\ < 5i/2 for all c e g[ and g = 1 ot g = z, (e8.308) 

whenever there is a unitary u £ A such that ||[0(c), u]\\ < Sq for all c G Qq. By applying 18. 11 we 
may assume that, L' is T'-7iQ-full if, in addition, 

I^TotiOa) > Ai(a) 

for all open balls Oa of T with radius a > rjQ for some rjQ > and for all r G T(yl), where 
I : C(T) ^ ^ is defined by t{g) = g{u) for ah g G C(T). 
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We may assume that 

[L']\v, = [L"]\v, (e8.309) 

for any pair of unital completely positive linear maps L' ,L" : C ® C(T) A for which (|e 8.308P 
holds for both L' and L" and 

L' f^si L" on g[. (e 8.310) 

Choose an integer Kq > 1 such that [^^] > 128/(5i. In particular, (87r + < Si. 

Since TR{C) < 1, there is a projection p G C and a C*-subalgebra B = 0*^=i Mr(j)), 
where Xj = [0, 1], or Xj is a point, with 1b = p such that 

< min{e/256,5o/4,5i/16} for all X G U^o (e8.311) 
dist{pxp,B) < min{e/256,5o/4,5i/16} for all X G giUC?o and (e8.312) 
t{1-p) < min{5i/iCo,A(r/o)/4,(5o/4} for all T G r(C7). (e8.313) 

We may also assume that there are projections q'l, Qn ^ ~ P)C{1 — p) such that 

\\qi-il-p)q^il-p)\\<mm{e/16,6o/4,6l/16}, i = l,2,..,n. (e8.314) 

To simplify notation, without loss of generality, we may assume that p commutes with G' U Go- 
Moreover, we may assume that there is a unital completely positive linear map Lqo ■ C — > 
pCp — > B (first sending c to pep then to B) such that 

\\x - {{I - p)x{l - p) + Loo{x))\\ < min{e/16,5o/2,5i/4} for all x G ^i- (e8.315) 

Put L'q{c) = (1 — p)c{l — p) and Lq{c) = L'q{c) + Lqq{pcp) for all c G C. We may further assume 
that [Lqq]{V2) and [L'q]{V2) are well-defined and 

[-^o]|PoUP2 = [idc]|PoUP2- (e8.316) 

Put Vs = [L'f^]{V2) U {[q'i\ : 1 < i < n} U Po and P4 = [^oo](^2)- From the above, x = 
[L'o]{x) + [Loo]{x) for x G Pa- 
We also assume that 

[L']\i3{V2UV3unP4) = [L"]\i3{V2UV3unP4) (e 8.317) 

for any pair of unital completely positive linear maps from C (8) C(T) — > A such that 

Li L2 on (e 8.318) 

and items in (je 8.317P are well-defined for some 62 > and a finite subset 

Let (^2 > (in place of 5o), ^2 C (1 — p)C(l — p) and Pq C (1 — p)C(l — p) be as required 

bv 18.21 for C = {1 — p)C{l — p), o" = (5i/16, G'lU Go (in place of ^0) and qi,q2, ■■■,qn (iii place of 

Pi,P2, ■■■,Pm)- Note that we may assume that Pq C G2- 

Put 7^3 = [io]('P2) U {[g] : q G Pq}- Note again that elements in are represented by 

elements in (1 — p)C{l — p). We may assume that 

Bott(</>, m)|p^ = Bott(</>,M')lp^ (e 8.319) 

for any pair of unitaries u and u' in A for which 

\Mc), u]\\ < mm{6i,6o}, ||[0(c), u']\\ < 2mm{6i,6o} 
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and for which there exists a continuous path of unitaries : t £ [0,1]} C {l—(j){p))A{l—(j){p)) 

with 

\\W{0) - (1 - (p{p))uil - (l){p))\\ < mm{6i,5o} and (e8.320) 
\\W{1) - {1 - (t>{p))u'{l - (^{p))\\ < mm{6i,6o}, (e8.321) 

and 

\Mc), W{t)]\\<mm{5i,6o} 

for all c G ^2 and t € [0, 1]. 

Write Pi = lc{x„Mr{^)) G -B, i = 1, 2, k. Let To^i = {pixpi : x £ T}, i = 1,2, k. We may 
assume that Xj = [0, 1], j = 1, 2, ko < k and Xj is a point for i = kQ + l,kQ + 2, k. 

Put Dj = C7(X„M,(,)) C{T). Define = iV|(D,)+\{o} x 2i?|p^.)+\{o}, j = 1,2, ...,A:o. Let 
(5o,i > (in place of 5), Hi C (A)+ \ {0} and go,i C C(Xj,M^(i)) be required bylMlfor e/256k 
and J'^o.i and Tj, i = 1,2,..., k^. Let (5o,i > (in place of 5), ^o,i C M^(j) be required by 14.71 for 
e/256/c and J^o,i, i = ko + 1, ko + 2, k. 

Denote by {Cg^j} a matrix unit for M^^^-^, i = 1,2, k. Put 

R = max{N{h)R{h) : h e Hi, i = 1,2, ko}. 

Let <53 = min{e/512,52/2,5^/2,<5i/16,(^o,i/2,<5o,2,...,<5o,fc/2}- Let ^3 = ^2 U U ^2 U {1 - 
P,P} ^iii Go,i- Let n = HqU {php : h G Ho} U^^^i Hi and let P = P2 U U P4 U {[1 - 
p],\p],[ef]],\p^],^ = l,2,...,k}. 

It follows from 18.11 that there exists ^4 > 0, ?? > and a finite subset G' C C satisfying the 
following: there exists a contractive completely positive linear map L : D ^ A which is T-'H-full 
such that 

||L(c® 1) - 0(c)|| <53/16kR and \\L{c z) - (l){c)w\\ <53/16kR for aU c G (e8.322) 

and [^ll-PiU/SCP^ is well-defined, provided that tt; G ^ is a unitary with 

||[(/>(6), < 3(54 for ah b e G' and (e8.323) 

f^MOa) > A(a) (e 8.324) 

for all open balls Oa of T with radius a > r] for all r G T(A), where i : C{T) — > ^ is defined by 
i{f) = f{w) for / G C(T). We may assume that r] < rjo and ^4 < e/256. 
Note that, for h £ Tii, 

L{h)<L{\\h\\p,)<\\h\\L{pi), i = l,2,...,k. (e8.325) 

Therefore, we may assume that (with a smaller ^4), 

\\L{h) - (l){pi)L{h)(l){pi)\\ < 53/2kR (e8.326) 

for any h G TCi, i = 1,2, /cq. We may also assume that 

\\(l){pi)L{c^ z)(l){pi) - (l){c)w'i\\ < 53/lQkR for ah c G PiGzPi. (e 8.327) 

provided that w[ G U {(p{pi) Acpipi)) such that 

\\w'i - (l){pi)u(l){pi)\\ < 364, i = l,2,...,k. (e8.328) 
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For any function g G C(T) with < (7 < 1 and for any unitary u £ U{A), 

T{g{u)) = T((/>(p)5(n)0(p))+T((l-,/.(p))5(n)(l-(/<(p))) and (e8.329) 
T(0(p)5(n)(/)(p)) > T(c/(n))-r(l-(/)(p)) for all tGT(A). (e8.330) 

Thus, we may assume (by choosing smaller 5^ ) that 

/Uw(Oa) > A(a)/2 (e 8.331) 

for all a > r? and r G T{A), where i' : C(T) ^ A is defined by = f{w) (for / G C7(T)) for any 
w G t^(^) for which w = ti^oSu^i, where wq G C/((1 — 0(p))A(l — (/)(p))) and wi G [/((/)(p)A</)(p)), 
such that 

- (^{p)u(l){p)\\ < 2di, (e 8.332) 

where u and satisfy (|e8.322D and (Ie8.323p . Put 5 = min{(54/12, ^3/12} and = G' U G3. Put 
a = ^4 U {(1 - p)5(l - p) : 5 G ^3} U {eJJ, [(7,-,o]}. 

Now suppose that (p and u £ A satisfy the assumptions of the lemma for the above 5, tj, G 
and V. In particular, u G Uq{A). To simplify notation, without loss of generality, we may assume 
that all elements in G and in TC have norm no more than 1. 

By applving 18.21 one obtains a continuous path of unitaries {wo{t) : t G [0,1]} C (1 — 
(p{p))A{l — 4>{p)) and unitaries w'^ G Uo{(p{q'j)A(p{q'j)) such that 

||[(?!)(c), wo{t)]\\ < 36 for all c G pGp and (e 8.333) 

for ah t G [0, 1], 

\\wo{0) - {I - - < ^i/16, (e8.334) 

\\w'j - (j){q'j)wQ{l)(l){qj)\\ < 5i/16 and (e8.335) 

u;;. © (1 - 0(p) - 0(9^) G CU{{l-cl){p))A{l-^{p))), (e8.336) 

j = 1,2, ...,n. Define w = tL'o(l) © il'i for some unitary wi for which (je 8.332p holds. 
We compute (by (je 8.3051) . (Ie8.332p and (Ie8.319p ) that 

Bott(0, it;)|p = {0}. (e8.337) 

By ()e 8.332p . one also has that 

^J'To^'{Oa) > Ai(a) for ah r G T{A) (e 8.338) 

and for any open balls Oa of T with radius a > r], where i' : C(T) — > ^ is defined by i'{g) = g{w) 
for all g€C{T). 

Let L : D ^ A he a unital contractive completely positive linear map which satisfies 
()e 8.322p . We may also assume that [L]\p is well-defined 

[L]\vo = and = {0} (by EEM]). (e8.339) 

There is a unital completely positive linear map ^ : (1— p)C(l— p)©C(T) {l — (j){p))A{l — 
(j){p)) such that 

||$(c©5(^))-0(c)<7(«^o(l))|| <5i/2 (e8.340) 
for all c £ G'l^ Go and 3 = lc{j) and g = z. 
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Define Li, L2 : C ® C(T) ^ ^ as follows: 

Li{c®g{z)) = ^{{l-p)c{l-p)® g)®4>{p)L{c® g)4>{p) imd (e8.341) 
L2{c®g) = (l){{l-p)c{l-p))g{l)®(t){p)L{c®g)cl){p) (e 8.342) 

for all c G C and 5 G C(T). By (|e8.3U9p . we compute that, 

[L\\v, = [Li\\v, = [L2]W (e8.343) 

It is easy to see that that 

[</.(! -p)L2(/>(l = {0}. (e8.344) 

One also has, by (je 8.310p . 

[-^2]|^([Loo](7'2)) = ^oo]|/3(P2)) (e8.345) 

= WI/3([Loo](P2)) = Bott(0,^/)|[Loo]{P2) = {0}- (e8.346) 
Combining (je 8.344|) and (|e8.346p . one obtains that 

[^2]|/3(P2) = {0}- (e8.347) 
From (|e 8.319p . one computes that 

\Li]\f3iv,) = [L]\^(V,) = Bott(0, u)\v, = {0}. (e 8.348) 

It follows that 

[Li]|p, = (e 8.349) 

It is routine to check that 

|t o L{g) -ToLi{g)\ < 61 for all g e Gi for ah r G T(^). (e 8.350) 

If V G Ui, since \\(j){v) - Li{v 1)|| < 6i/2 and ||(/)(t>) - L2(i; 1)|| < (5i/2, it follows that 

dist(L|(w),L|(!;)) < 5i. (e8.351) 

If Cj = gj ® ^, i = l,2,...,n, by (|e8.334p . (|e 8.3351) and (Ie8.336p . by the choice of Kq and by 
applying 13 -H one has that 

dist((Ll(0),4(0)) <'5i- (e 8.352) 

Note also that, by (|e 8.338P and by 18. H both Li and L2 are TQ-TCo-full. It then follows from 
(je 8.3461) . (Ie8.347p . (je8.35ip . (je8.352p and O that there exists a unitary G [/(A) such that 

ad o L2 ~e/256 -^1 on .Fi. (e 8.353) 

We may assume that 

k 

\\ui — 4'{pi)u(j}{pi)\\ < 26 and wi = (e8.354) 

i=l 

for some Ui G U{(l){pi)A(j){pi)), i = 1, 2, i?(n) and 

-u^ G C/o(</'(pi)A</'(pi)), i = l,2,...,fc (e8.355) 
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(since Bott((/), u)|-p = {0}). There is a positive element G (l){pi)A(l){pi) such that 

aiL{pi)ai = (j){pi) and ||ai - < iJa/SA;^, i = 1, 2, A;. (e8.356) 

Let ^'i : — > (j){pi)A(l){pi) be defined by ^'i(a) = ai(f){pi) L{a)(j){pi)ai for all a G Dj, i = 1,2, fc. 
Thus 

- (|){pi)Lih)(|)ip^)\\ < 5-i/AkR (e8.357) 

for all h(^ni,i = l, 2, k. Note also that fbv ie 8.3271) ) 

||^i(c® 1) - (/>(c)|| <6 + 53/ikR and ||Li(c z) - </>(c)tii|| Kds/AkR (e8.358) 

for all c G ^o,i) ^ = 1)2, Note also that 

botto(0|c(x.,M,(,)), = {0}, i = l,2,...,fc. (e8.359) 

Furthermore, for each h G Wj, there exist X2(/i), (/i) with and ||xj|| < R{h), 

j = l,2,...,N{h) such that 

N{h) 

Xj{h)*L{h)xj{h) = 1a- (e8.360) 

i=i 

It follows from (|e8.357j) that 

Nih) 

II x,{h)*^,ih)x,{h) - 1a\\ < Nih)Rih)ij^) < 63/ik (e8.361) 
Therefore that there exists y{h) G with ||y(/i)|| < \/2 such that 

Nih) 

Y ymx,{h)Y^,{h){xj{h))y{h) = cPip,). (e8.362) 
j=i 

It follows that is Tj-'Hj-full, z = 1, 2, k. 

It follows from 14.61 and that there is a continuous path of unitaries {ttj(t) : t G [0, 1]} C 
4>{pi)A(l){pi) such that 

Mi(0) = Uj, nj(l)=pj and (e8.363) 
||[^'i(c), u,(t)]|| < e//c256 for all c G J^o,i (e 8.364) 

and for all t G [0, 1], z = 1,2, ...,k. 

Define a continuous path of unitaries {z{t) : t £ [0, 1]} C A by 

k 

z{t) = (1 - (/>(p)) e for all t G [0, 1]. 

1=1 

Then 2(0) = (1 - (pip)) + EjLi and z(l) = U. By (Ie8.364p . (je 8.3571) and (je 8.3221) . 

||[(/)(c), z(t)]|| < e/128 for all c G J^. (e 8.365) 
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Define u' [i] = (zi;o(t)u'o(l)* (1 - (t)(j))))W* z{t)W for t G [0,1]. Then u' {I) = U and we 
estimate by (|e 8.3321) . (le 8.322 jl . (je 8.3531) . (Ie8.340p and (Ie8.332p again that 

«'(0) -254+53/2/? (ti^o(OK(l)*©(l-0(p)))W*^2(l55z)VF (e 8.366) 

~./256 K(OK(ir ©(l-</'(p))ii(l®2) (e8.367) 

«V2+53/2iJ (^«o(O)©(l-0(p))((l-</.(p))©t/;i) (e8.368) 

«5i/i6+254 (l-</'(p))tx(l-</.(^/))©0(p)^/</>(n). (e8.369) 

It follows that 

ll'u'(O) - n|| < e/8. (e 8.370) 
Moreover, by (|e8.353D . W*4){c)W sSe/256 4>{c) for all c G J^. It follows that 

(c), u'(t)]|| < e/2 for all c G and t G [0,1]. (e 8.371) 



The lemma follows when one connects u with u'(0) with a continuous path of length no more 
than (e/8)7r. 

□ 

Theorem 8.4. Let C he a unital separable amenable simple C* -algebra with TR(C) < 1 which 
satisfies the UCT. For any e > and any finite subset T d C, there exists (5 > 0, a finite subset 
Q <Z C and a finite subset V C K_{C) satisfying the following: 

Suppose that A is a unital simple C* -algebra with TR{A) < 1, suppose that cj) : C ^ A is a 
unital homomorphism and u G U{A) such that 

||[0(c), n]|| < 6 for all c G G and Bott((^,n)|p = 0. (e8.372) 

Then there exists a continuous and piece-wise smooth path of unitaries {u{t) : t £ [0, 1]} such 
that 

u{0) = u, u{l) = 1 and ||[0(c), n(t)]|| < e for all c £ ^ (e 8.373) 
and for all t G [0, 1]. 

Proof. Fix e > and a finite subset T dC. Let 5i > ( in place of 5), r/ > 0, C C (in place 
of ^) be a finite subset and V C K_{C) be finite subset as required by 18.31 for e, T and A = Aqo- 
We may assume that 6i < e. 

Let 5 = 6i/2. Suppose that (j) and u satisfy the conditions in the theorem for the above 6, Q 

and V. It follows from 15.91 that there is a continuous path of unitaries {v{t) : t G [0, 1]} C U{A) 
such that 

t;(0)=tt, v{l) = ui and ||[0(c),f(t)]|| < 5i (e8.374) 

for all c G ^1 and for all t G [0, 1], and 

Airo,,(Oa) > A(a) for all r G T(^) (e 8.375) 

and for all open balls of radius a > rj. 

By applying 18.31 there is a continuous path of unitaries {w{t) : t G [0, 1]} C A such that 

w{0) = ui, w{l) = 1 and {{[(pic), w{t)]\\ < e (e8.376) 

for all c G and t G [0, 1]. Put 

u{t) = v{2t) for ah t G [0,1/2) and u{t) = w{2t - 1/2) for all t G [1/2,1]. 

Remark 16.41 shows that we can actually require, in addition, the path is piece-wise smooth. 

□ 
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